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Estimate an arc length of a given function.
1 (7-12) 68

Blase 1> Goeie e Lugdll Jgb pud

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) n = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n’s
and conjecture the actual length of the curve.

7. f(x) =cosx, 0 <x<nx/2

(b) For the z-values of our points here we use

- . T w 3w mw o7
(approx1mat10ns Of) O, 16° 8 16° 4° 16

(a) For the z-values of our points here we use 3§r ) ?é» and 3.
(approximations of) 0, g, Z, ?’g , and 3. et Right Length
Left Right Length (0, 1) (0.196, 0.98) | 0.197
(0, 1) (0.393, 0.92) | 0.400 (0.196, 0.98) | (0.393, 0.92) | 0.204
(0.393, 0.92) | (0.785, 0.71) | 0.449 (0.393, 0.92) | (0.589, 0.83) | 0.217
(0.785, 0.71) | (1.18, 0.383) | 0.509 (0.589, 0.83) | (0.785, 0.71) | 0.232
(1.18,0.383) | (1.571,0) | 0.548 (0.785, 0.71) | (0.982, 0.56) | 0.248
Total 1.906 (0.982, 0.56) | (1.178,0.38) | 0.262
(1.178, 0.38) | (1.37, 0.195) | 0.272
(c) Actual length approximately 1.9101. (1.37, 0.195) | (1.571, 0) Lol
Total 1.909




Estimate an arc length of a given function.
1 (7-12) 68
Slass dlI> gowis Ao yugdll Job yuudS

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) n = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n’s
and conjecture the actual length of the curve.

8. f(x) =sinx,0 <x < x/2

(b) For the z-values of our points here we use

™ 3w m 5w
(approximations of) 0, &, T, 5, 75 Tg

(a) For the z-values of our points here we use 37 I and Z.
(approximations of) 0, %, 7, 3§T , and 3. T oft Fehi fensin
Left Right Length (0, 0) (0.196, 0.2) | 0.277
(0, 0) (0.393, 0.38) | 0.548 (0.196, 0.2) | (0.39,0.38) | 0.272
(0.393, 0.38) | (0.785, 0.71) | 0.509 (0.39, 0.38) | (0.589, 0.56) | 0.262
(0.785, 0.71) | (1.18, 0.924) | 0.449 (0.589, 0.56) | (0.785, 0.71) | 0.248
— . (0.982, 0.83) | (1.18, 0.924) | 0.217
(1.18, 0.924) | (1.374, 0.98) | 0.204
(1.374, 0.98) | (1.571,1) | 0.197
(c) Actual length approximately 1.9101. Total 1.909
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Estimate an arc length of a given function.

Blase 1> Goeie e Lugdll Jgb pud

(7-12)

68

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) n = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n’s
and conjecture the actual length of the curve.

9. f(x) =vVx+1,0<x<3

(a) (b) .
Left Right Length Let Right Length
(1.5, 1.581) | (2.25, 1.803) | 0.782 (0.75, 1.323) | (1.125, 1.46) | 0.399
(2.25, 1.803) (3, 2) 0776 (1.125, 1.46) (1.5, 1.58) 0.395
1.5, 1.58) (1.88, 1.696) | 0.392

Total 3.167 (1.5, )
- (1.88, 1.696) | (2.25, 1.80) | 0.390
. (2.25, 1.80) | (2.63, 1.904) | 0.388
(c) Actual length approximately 3.168. (2.63, 1.904) 3.2) 03T
Total 3.168




1

Estimate an arc length of a given function.

Blase 1> Goeie e Lugdll Jgb pud

(7-12)

68

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) # = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n's
and conjecture the actual length of the curve.

10. f()=1/x,1<x<?2

()

Left Right Length

(1, 1) (1.25, 0.8) 0.3202
(1.25, 0.8) (1.5, 0.67) 0.2833
(1.5, 0.67) (1.75, 0.571) | 0.2675
(1.75, 0.571) (2, 0.5) 0.2600
Total 1.1310

(c) Actual length approximately 1.1321.

Left Right Length

(1, 1) (1.125, 0.89) | 0.167
(1.125, 0.89) (1.25, 0.8) 0.153
(1.25, 0.8) (1.375, 0.73) | 0.145
(1.375, 0.73) (1.5, 0.67) 0.139
(1.5, 0.67) (1.625, 0.62) | 0.135
(1.625, 0.62) | (1.75, 0.57) 0.133
(1.75, 0.57) | (1.875, 0.53) | 0.131
(1.875, 0.53) (2, 0.5) 0.129
Total Iy B

Justin Dsouza
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Estimate an arc length of a given function.

Blase A Goxia e ugdll Jgbo pud

(7-12)

68

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) n = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n's

and conjecture the actual length of the curve.

11. f(x) =x*+1,-2<x<2

(a)

(¢) Actual length approximately 9.2936.

Left Right | Length
(-2,5) | (-1,2) | 3.162
(-1,2) | (0, 1) 1.414
(0,1) | (1,2) 1.414
(1,2) | (2,5) 3.162

Total 9.153

(b)

Left Right Length
(-2, 5) (-1.5, 3.25) | 1.820
(-1.5, 3.25) (-1, 2) 1.346
(-1, 2) (-0.5, 1.25) | 0.901
(-0.5, 1.25) (0, 1) 0.559
(0, 1) (0.5, 1.25) 0.559
(0.5, 1.25) (1, 2) 0.901
(1, 2) (1.5, 3.25) 1.346
(1.5, 3.25) (2, 5) 1.820
Total 9.253

a1 udaill A g palt s yube
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Estimate an arc length of a given function.

Blase 15 Soxie e ugdll Jgbo i3

(7-12)

68

In exercises 7-12, estimate the length of the curve y = f(x) on
the given interval using (a) » = 4 and (b) n = 8 line segments.
(c) If you can program a calculator or computer, use larger n's
and conjecture the actual length of the curve.

12. fx)=x +2,-1<x<1

(a)

Left Right Length
(-1, 1) (-0.5, 1.875) | 1.0078
(-0.5, 1.875) (0, 2) 0.5154
(0, 2) (0.5, 2.125) | 0.5154
(0.5, 2.125) (1, 3) 1.0078
Total 3.0463

(c) Actual length approximately 3.0957.

Lett Right Length
(-1, 1) (-0.75, 1.58) | 0.630
(-0.75, 1.58) (-.5, 1.88) 0.388
(-.5, 1.88) (-0.25, 1.98) | 0.273
(-0.25, 1.98) (0, 2) 0.251
(0, 2) (0.25, 2.016) | 0.251
(0.25, 2.016) (0.5, 2.13) 0.273
(0.5, 2.13) (0.75, 2.42) 0.388
(0.75, 2.42) (1, 3) 0.630
Total 3.084
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Find a limit algebraically or graphically, if it exists.
2 (7-10) 75

Sy Of (bilog s Lo 1o dilgs deud dlony)

In exercises 7 and 8, identify each limit or state that it does not
exist.

Y
A

Nl (a

AN :

)
)
/ey B U ) 1

/ s (d) lim f(z)=2
| e) lim f(z)=2

)

)

)

( x——27t
7. @ lim fG) () lim f) (|0 lim f) £) Jm, flz) =

].lm f(,f[,') — O ﬂ??v_fy)n_;ﬂ

r——1 Sl el g palf uryube

@ lim f@ () lm f@ (@ lm f@

X—>=2" x—-2% x—=2

(
(g) lim f(x) (h) lim f(x) (h) lim f(z)=1 Justin Dsouza

x—-1 x—1- $_>_3




Find a limit algebraically or graphically, if it exists.

: (7-10) 75
Oy Of cbilog Uz Lo 1> ilg dasd Slony)
In exercises 7 and 8, identify each limit or state that it does not
exist.
Y
4 (a) lim f(z)=1
44 z—1-
T b) li =1
9 < \ (b) e f(z)
/\ \ () lim f(z) =1
——— > w1
4 -2 1
/ \ , (d) lim f(z)=—1
-9 T—2—
1 ¥ _3
() lim f(x)
, , _ (f) lim f(x) does not exist.
8. (a) 111}1_ f(x) (b) 11r1n+ fx) (c) ]'I_I)I;lf(x) T—2 |
@ lmf@) (@ lm f) (O lim £ &)t fla)=25 —
(@ lim f(x)  (h) lim f(x (h) lim f(z) =15 " Tesehr

x—3" x—-3




2 Find a limit algebraically or graphically, if it exists. (7-10) 75
ers 0] iy Lr Lo 15 Ailgh o olomy -
2x I x<2 : :
9. Sketch the graph of f(x) = { 2 i x>2 and identify 16“
each limit. :
(@) lim f(x) (b) lim f(x) (c) lim f(x)
(d) lim f(x) (@) lim £(x) g
(a) lim f(z)= lim 2x =4
r—2— r—2~ $ 1 2z 3 a

(b) lim f(z)= lim z*? =14

r—2+ r—2Tt
(¢) lim f(z) =4
(d) lim f(z) = lim 2z = 2

(e) lim f(z) =limz?>=3%2=9

r—3 r—3

ALy jaol|

9L bl g pal! s yuda
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Find a limit algebraically or graphically, if it exists.
P T (7-10) 75
Oy O] ebilog bz Lo dls g ded Sl
(-1 if x<0
10. Sketch the graph of f(x) =< 0 if x=0 and =]
Vx+1-2 if x>0 *
L |1||||-0|'5 lllll U|||1015||||1
identify each limit. I i
(@) lim f(x) (b) lim f(x) (c) lim f(x) ]
x—0~ x—0* x—0 -0.5
(@ lim f() (@ lim f() :/

(a) lim f(z)= lim z3—-1=-1

z—0~ z—0—

(b) lim f(z)= lim vz+1—2

z—0T z—0Tt
~ 1
(s} Bm fiw] =i
r—0
(d) lim f(zr)= lim z°—-1= -2
r——1 r——1

(e) lim f(z) =lim+vx+1—-2=0
T—3 r—3

Al jaoll
9L bl g pal! s yuda

Justin Dsouza
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Find limits of polynomial, rational, and trigonometric functions using theorems.

’ Oblgdl Syl plusuuwl diliallg dudlly 3ol 585 Jlgl Ailg Slx) B .
In exercises 1-28., evaluate the indicated limit, if it exists.
Assume that lim 22X — 1,
x-0 X
L lim(x* —3x +1) 2. lim v/2x + 1
= x—2
lim (2® — 3¢ +1) = 0> = 3(0) + 1 =1 lim V22 + = $/2(2) + 1 = V/5.
T—> €I
-5
im cos~ (x> 4. lim =
3. }cl_r)%cos (x7) e 1
lim cos_l(q:z):cos_lozz. lim ki O . IS,
z—0 2 2 r? 4+ 4 22 + 4 o

Al jaol|

9L bl g pal! s yuda
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3 Find limits of polynomial, rational, and trigonometric functions using theorems.

(1-28)
Cblgdl OLAS plusawl ddlielly duuwdlly 39a2u)] 555 Jlgl dlgs slow)

85

In exercises 1-28, evaluate the indicated limit, if it exists.

sin x |
Assume that lim = 1. 2 =
= X 6. lim — HAT
=1 x%2 —3x+2
. xX*—x-6 .
5. lm?} 3 lim 4 e—2
v ng__ﬁ z—1 g2 — 3z 4 2
113% 33—333 — lim (x —1)(z+2)
. (z=3)(x+2) z—1 (z — 1)(z — 2)
= lim (x + 2) 3
r—3 r—3 = lim e -3
= lim(¢+2) =3+2= 11 (z —2) -1
2 . -1
. X" —x—2 8. lim
& }cl—lg x2—4 Al
I % —x — 2 " 3 —1
im
3;1_% T2 —4 m—)1$2—|—2$—32
_9 1 _
— lim (z —2)(z+1) _ Jim (x—1)(z*+x+1)
22 (z +2)(z — 2) z=1  (z+3)(z—1)
_ 2t 24 8 o BTl 124141
z—2 T + 2 24+ 2 4 — 1IN —

w

CLiy) jaol|

9L bl g pal! s yuda

Justin Dsouza




3 Find limits of polynomial, rational, and trigonometric functions using theorems.
Cblgdl OULAS plusauwl ddlielly duuwdlly 39u2e] 555 Jlgl dlgs slox)

(1-28)

85
In exercises 1-28, evaluate the indicated limit, if it exists.
. Sinx
Assume that lim = 1.
x-0 X
. sSinXx . tanx
9. lim 10. Iim ——
x—0 tanx -0 X
. sinz . sinx P O
lim = lim — 20 T
z—0 tan r—(Q ST sin
. CoS T — lim
= limcosz =cos() =1 z—0 T COS T
z—0 . sinx . 1
= [ lim lim = 1.
z—0 z—0 COS T
—2x+1
. Xxe
11. Ilm ——— N
=0 x2 4+ x 12. limx° csc™x
x—=0
s x€—2x+1 . ] 35'2
11m 1. — ]_
5 Im z°cscx 1m —
20 X +:_E2$+1 x—0 x—0 Sln233
. xle ) - '
= [0 N
z—0 x(x + 1) s 1 " 1 g iy ol
. 6_2:6—'_1 6_2(0)+1 o :UI_I;I%) sin x $1_>0 sin x T el e SR
= lim —— = p =

Justin Dsouza



Find limits of polynomial, rational, and trigonometric functions using theorems.
Cblgdl OULAS plusauwl ddlielly duuwdlly 39u2e] 555 Jlgl dlgs slox)

3

(1-28) 85

In exercises 1-28, evaluate the indicated limit, if it exists.

Assume that ling . 1.
xX— X
13 pi VX H4A-2 14, lim —=
’ x—0 X A 3 e X =5 9
\/ 4 —2
lim T 2x

x—0 7 s .
o Ve Fa- (\/:c+ +2) S —vE T
Ve +4+2

x—0 X

r+4—4 _w—>0(3—\/:c+9)(3+\/a:—|-9)
_al:% :U(\/HT—I-Q) 235'(3+\/33—+9)

= lim
=T :E(\/sc + 4+ 2) = h_r% 2(3 + \/ac +9) =
= lim

1 9L bl g pal! s yuda

\/_ _I_ 2 2 _|_ 2 o 4 Justin Dsquza




3

Find limits of polynomial, rational, and trigonometric functions using theorems.

Cblgdl LAY plusawl ddlielly duuwdlly 39u2e)] 558 Jlgl dlgs slow)

(1-28)

85

In exercises 1-28, evaluate the indicated limit, if it exists.

Assume that lim

15. lim

sin x
x—»0 X

= 1.

x—1

x—1 \/J—C—l

r—1

lim
r—1 €T — ]_

_ i W2 D(V2 - 1)
r—1 \/5—1
= lim(Vz+1)=v1+1=2

r—1

(z —4) (z* + 4z + 16)

-
16. lim ©—%%
x—4 x—4
3 —64 ,
lim — lim
xz—4 1T — 4 r—4

(z —4)

= lim (3:2 + 4x + 16)

r—4

=421 4x44+16 =48

9L bl g pal! s yuda
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3 Find limits of polynomial, rational, and trigonometric functions using theorems.

Oblgdl @byl plusuuwl ddlially duudlly 39dou! 8,85 Jlgl Lilgs Sl -28) %
In exercises 1-28, evaluate the indicated limit, if it exists.
Assume that lim 22% — 1.
x-0 X
17 lim( LI ) 18- hn&(g B i)
Txsl\x—1 x2-1 =0 \x x|
1 9 Undefined. The limit from the right is 0, but
al:l—>ml (3: 1 2o 1) the limit from the left does not exist.
I 1 2
= lim —
z—1\z—1 (z—1)(z+1) e
= z+1 2 19, Tim = —°
_ _ im ———
=1\ (z-1)(z+1) (z—1)(z+1) = L=

lim

(

(= 3
=in (=) —

(

=1\ (z —1)(z +1 r—0 1 — e®
_ s 1 \_1 . (1—=€e")(1+4€"%)
B il—*mi T + 1) 2 - :ll—% 1 —e® B
— lim (1 —I_ ex) — 2 G oalalld A g pall duspde
z—0 ' '

Justin Dsouza




3 Find limits of polynomial, rational, and trigonometric functions using theorems.

Cblgdl ObLaS plusauwl ddlielly duwdlly 39u2e)l 558 Jlgl dilgs slow]

(1-28) 85

In exercises 1-28, evaluate the indicated limit, if it exists.

sinx

Assume that lim = 1.
x—»0 x
. sin |x] oy if 7
20. lim - _ X 1Irx<
el W 1 21. il_t)lg f(x), where f(x) = { B i 3
lim sin(|z|) lim sin(z) 1 . .
z—0Tt . s - z—071 4 - ml_1>1-£l_ f(x) — $1_1>1121_ 2',:6 — 2(2) — 4
lim  S242) lim f(z) = lim 2% =22 =4
z—0~ x a:.—>2+ r—32+
~ lim sin(—x) :;131—>Irl2 Fizi =4
r—0— ZU
T AN
r— 0~ 2

Since the limit from the left does not equal the

limit from the right, we see that lin% sinl ]}
T—

does not exist.

dupjaol|

oL alaill g pal e
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3 Find limits of polynomial, rational, and trigonometric functions using theorems. (1-28) g
1- 5
Cblgdl LAY plusauwl ddlielly duuwdlly 39u2e] 555 Jlgl dlgs slow)

In exercises 1-28, evaluate the indicated limit, if it exists.

Assume that lim o 1.
x—»0 Xx

| w2 1 i =]
22. Lim fix), where f(x) = { 3x+1 ifx> -1

Undefined. The limit from the left is 2, but the
limit from the right is -2.

2x+1 ifx< -1
23. lim f(x), where f(x) =4 3 if-1<x<1

= 2x+1 ifx>1
lim f(z)= lim (2xz+1)
r——1" r——1-
=2(-1)+1= -1
I = lim 3=3 e
i 10 = 0 —

Justin Dsouza

Therefore lim1 f(zx) does not exist.
r——




Find limits of polynomial, rational, and trigonometric functions using theorems.
) (1-28) g

Cblgdl OLAS plusauwl ddlielly duwdlly 39u2e)l 555 Jlgl dlgs slow)

In exercises 1-28, evaluate the indicated limit, if it exists.

Assume that ling Sin X = 1.
x— X
2x+1 ifx< -1 lim f(z) =3,
24, lirrllf(x), where f(x) =1 3 if-1<x<1 lim f(xz) = lim 2z +1 =3,
! 2x+1 ifx>1 z—17 N
Therefore lim f(x) = 3.
r—1
3 _
 (2+h?2-4 26, | i o —1
23, him h—0
h—0 h 5
@+ h)?—4 lim(1+h) — i
hm h—0 h
h—0 h . 143h43h" 0 —1
. (A+4h+h?) -4 = lim . |
= lim —
h—0 g h — lim h(3 + 3h + h2) dunjaoll
. 4h + h . o h—0 h S el B a1 e
R = e = lim 3+ 3h+ A% =3 i Dson




4 Find limits of polynomial, rational, and trigonometric functions using theorems. (1-28) 85
Cblgdl LAY plusawl ddlielly duwilly 39u2u)l 558 Jlgl dilgs slow)

In exercises 1-28, evaluate the indicated limit, if it exists.
sin x

Assume that lim = 1
x—»0 x
. sin(x? — 4) 8. lim tanx
27. }(1_1;7[21 x2 —4 ) x—0 5x
sin & tanx sin x
. — . l‘ — 1‘
Consider f(x) " and a polynomial m — m
— o2 i vl Sk oIS =0 — m lsinz 1
p(x) = 2 — 4 such that p(2) = 0. =
Also lim I = L. — l (hm SlIl.CL’) (hm 1 )
z—0 T > \z—=0 zx x—0 COST
Therefore by the theorem 3.4(viii), - 1(1)(1) = =
5
lim f(p(z)) = L
sin(z? — 4) e

= lim = 1.

r—2 :EZ —_ 4 Justin Dsouza
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- Determine the continuity of a function at a given point.

tlaxs dladl Lic dlld JLasl ‘3 Sl

(15-28) 95

In exercises 15-20, explain why each function fails to be con-
tinuous at the given x-value by indicating which of the three

conditions in Definition 4.1 are not met.

15. f(x) = xfl atx =1

f(1) is not defined and lim f(z) does not exist.

r—1

17. f(x) = sin < at x = 0
X

f(0) is not defined and lim f(x) does not exist.

z—0

2 _
16. f(x) = 3;_11 atx=1

Discontinuous because function is not defined
al 2= 1.

ex—l

ex —1

18. f(x) =

atx =20

The function is discontinuous at x = 0, as it is
not defined at x = 0.

SN ol B ) Tyl

Justin Dsouza




Determine the continuity of a function at a given point.
(15-28) 95
tlaxs dladl Lis dlld JLas ‘3 Sl

In exercises 15-20, explain why each function fails to be con-

tinuous at the given x-value by indicating which of the three
conditions in Definition 4.1 are not met.

4

x? if x <2 X5 if x < 2

19. f(x) =43 ifx=2 atx=2 20-f(x)={3x_2 x> 2 atx =2

3x—2 ifx>2

lirgl fle] = 1iI12’1 (%) =4 Discontinuous because function is not defined
T—ra P il
g J(2) = lig, (3w = 2) =

lim f(x) =4; f(2) =3

.—>2

lim £(z) # £(2)
r—2

SN ol B ) Tyl
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4

Determine the continuity of a function at a given point.

(15-28)

tlaxs dladl Lis dlld JLas ‘3 Sl

95

In exercises 21-28, determine the intervals on which f is continuous.

21. f(x) = Vx+3 Continuous where x + 3 > 0, i.e. on (—3,00)

22. f(x) = Vx2 -4 Continuous where 22 — 4 > 0, i.e. on (0o, —2)and (2,00).

23. f(x) = Vx+2 Continuous everywhere, i.e. on (—oo, 00).

24. f(x) = (x = 1)*2 Continuous where z — 1 > 0, i.e. on (1, 0).

25. f(x) = sin™" (x + 2) sin”! (z + 2) is continuous on interval [-3, -1].

26. f(x) = In(sinx)

In(sin x) is continuous whenever sin z > 0, that
is on the interval (2kmw, (2k+ 1)) for all in-
tegral values of k.

SN ol B ) Tyl
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Determine the continuity of a function at a given point.
. = : (15-28) 95
tlaxs dladl Lis dlld JLas L} Sl

In exercises 21-28, determine the intervals on which f is continuous.

27. f(x) = V¥+1+e  f(2) is continuous, on interval [-1, co) whenever z # /2.
x2 =2

2 _
28. f(x) = In(x” — 1) f(x) is continuous on the intervals (—oo, —1) and (2, o)

\/x2—2x

SN ol B ) Tyl
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5 Find horizontal, vertical, and slant asymptotes using limits. (23-32) -
1

Cblg! plusil Asladlg Al g 423N CHED) boghas- Sl (51-56)

In exercises 23-28, determine all horizontal and vertical asymp-
totes. For each side of each vertical asymptote, determine
whether f(x) — oo or f(x) = —oo0.

A 2
2.0 J0 = b) F0) = 2
4 — 2?2 =0 = 4 = 22 so we have vertical
asymptotes at x = +2. Vertical asymptotes at x = +2.
f(z) = ocoasz — —27 f(z) > 00asxz — 2" and z — —27.
f(x) = —o0as z — =27 f(x) > —ccasz — 2" and z — —2~

flr) >0 asx— 27

f(z) > —occasz — 2+ Horizontal asymptote at y = —1.

Again, we have
"

lim
r—4oo 4 — ,’132

X
= lim
r—+oo 2 (% s 1)
. 1 |
= lim ———=0. ol
r—+too (—2 - 1)
x 9L bl g pal! s yuda

So there is a horizontal asymptote at Justin Dsouza

y=0.




5 Find horizontal, vertical, and slant asymptotes using limits. (23-32)
106

SLlg! plusiul Aslally dul g Aua3Y1 AN doglas Slax) (51-56)

In exercises 23-28, determine all horizontal and vertical asymp-
totes. For each side of each vertical asymptote, determine
whether f(x) - oo or f(x) - —o0.

__ X (b) fx) =
24. (a) f(x) — flx e’

Since 4 + z? is never 0, there are no ver- The function is only defined in (—2,2)
tical asy mptotes. We have Two one-sided vertical asymptotes at
T
lim and - r==2. f(r) >o0asz— 27, and
z—00 \/4 + 22 lim —— f(z) = —o0 as z — —2+
. - - z—=—00 \/4 + 2 ;
. 1 — lim ! No horizontal asymptotes.
. 1 —1
= lim = lim
r—0o0 4 Tr—r—00 4
=z T 1 = +1
1 —]
= — = =y — _1, NG

1 G ald g ! Ayl
so there are horizontal asymptotes at
Justin Dsouza

y=1and y= —1.




5

Find horizontal, vertical, and slant asymptotes using limits.

(23-32)
106

Sl plusil Aslally Al g 4u23Y1 C)ED) boghas sl

(51-56)

In exercises 23-28, determine all horizontal and vertical asymp-
totes. For each side of each vertical asymptote, determine
whether f(x) — oo or f(x) - —oo0.

25, f(x) =

3x% +1
x2—-2x-3

The denominator factors:
2 —2r—3=(z—3)(z+1).

Since neither x = 3 nor x = —1 are zeros of
the numerator, we see that f(x) has vertical
asymptotes at x =3 and x = —1.

) —> —ocoaszx — 37,

) —> o0 as x — 3T,

r) — oo asx — —17, and
) > —occasxz— —1T.

So there is a horizontal asymptote at y = 3.

9L bl g pal! s yuda
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Find horizontal, vertical, and slant asymptotes using limits. (23-32)
106

Sl plusuiwl Ablally Al g Aaa3Y1 CHED) o ghass sl (51-56)

5

In exercises 23-28, determine all horizontal and vertical asymp-
totes. For each side of each vertical asymptote, determine
whether f(x) — oo or f(x) - —oo.

1-x
26. _
f&) X2 +x—2
Vertical asymptote at x = —2.

f(r) > oc0asx — —27.
f(x) > —ccasz— -2 and z — -2~
Again, we have
I L=
sotoo 72 44— 2
So there is a horizontal asymptote at y = 0.

9L aladlt g st syt
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Find horizontal, vertical, and slant asymptotes using limits.

(23-32)
106

Sl sl Aslally Al g 423N HED) Joghass slaw)

(51-56)

In exercises 23-28, determine all horizontal and vertical asymp-
totes. For each side of each vertical asymptote, determine

whether f(x) - oo or f(x) - —o0.

27. f(x) =4tan"'x—1

The function is continuous for all x, so no ver-

tical asymptotes. We have

lim 4tan™ 'z — 1 =4(lim tan™'2) — 1

r—r0o0 T—r0o0
=4(n/2) -1
=2 —1
and
lim 4tan 'z —1
T——00
=4( lim tan"'z)—1
r—r—00
=4(—7/2) -1
= —2— 1,

so there are horizontal asymptotes

at y=27r—1and y = —27 — 1.

28. f(x) =In(1 — cosx)

The function Inz has a one-sided vertical
asymptote at x = 0, so f(z) = In(1 — cosxz)
will have a vertical asymptote whenever

1 —cosx =0, i.e., whenever cosx = 1.

This happens when x = 2k7 for any integer k.
Since 1 —cosx > 0 for all x, f(x) is defined at
all points except for these vertical asymptotes.
Thus as f(z) approaches any of these asymp-
totes (from either side), it behaves like In z ap-
proaching 0 from the right, so f(z) — —oc as
x approaches any of these asymptotes from ei-
ther side.

el

Justin Dsouza




5

Find horizontal, vertical, and slant asymptotes using limits.

(23-32)

Sl plusuiwl Ablally Al g Aaa3Y1 CHED) o ghass sl

(51-56)

106

In exercises 29-32, determine all vertical and slant asymptotes.

29, y = " Vertical asymptotes at z = £2.
" A 42
c—x The slant asymptote is y = —=x.
30. 1 = 2 +1 Vertical asymptote at z = 2.
s The slant asymptote is y = x + 2.
31, y= 5 Vertical asymptotes at x = _1:'[2‘/ﬁ.
Y 2 4x—4
The slant asymptote is y =z — 1.
A Vertical asymptote at z = — /2.
32y = x3 +2

The slant asymptote is y = .

9L bl g pal! s yuda
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5

Find horizontal, vertical, and slant asymptotes using limits.

(23-32)

Sl plusiuwl Asladly duwl iy Aua3Y1 AU o ghas- Slax)

(51-56)

106

p(x)

51. Suppose that f(x) is a rational function f(x) = — with the

52,

q(x)
degree of p(x) greater than the degree of g(x). Determine
whether y = f(x) has a horizontal asymptote.

Suppose the degree of ¢ is n. If we divide both
p(z) and ¢(x) by z™, then the new denomi-
nator will approach a constant while the new
numerator tends to oo, so there is no horizontal
asymptote.

X

Suppose that f(x) is a rational function f(x) = % with the
q(x

degree (largest exponent) of p(x) less than the degree of

g(x). Determine the horizontal asymptote of y = f(x).

If the degree of the polynomial in the denom-
inator is larger, the horizontal asymptote is
y = 0.

9L aladlt g st syt
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Find horizontal, vertical, and slant asymptotes using limits.

(23-32)

Sl plusuiwl Ablally Al g Aaa3Y1 CHED) o ghass sl

(51-56)

106

53.

54.

Suppose that f(x) is a rational function f(x) = @ If

q(x)
y = f(x) has a slant asymptote y = x + 2, how does the de-

gree of p(x) compare to the degree of g(x)?

When we do long division, we get a remainder
of x 4+ 2, so the degree of p is one greater than
the degree of q.

Suppose that f(x) is a rational function f(x) = @ If

q(x)
y = f(x) has a horizontal asymptote y = 2, how does the

degree of p(x) compare to the degree of g(x)?

If the horizontal asymptote is y = 2, the de-
grees of the numerator and denominator must
be the same.

Al jaoll
9L el g pal! Tyl
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5 Find horizontal, vertical, and slant asymptotes using limits. (23-32) -
Sl plusuiwl Ablally Al g Aaa3Y1 CHED) o ghass sl (51-56)
2 _
55. Find a quadratic function g(x) such that f(x) = £ ( )4 has
q(x
one horizontal asymptote y = —% and exactly one vertical
asymptote x = 3.
. The function ¢(x) = —2(x — 2)(z — 3) satisfies
the given conditions.
2 _
56. Find a quadratic function g(x) such that f(x) = e ( )4 has
q(x
one horizontal asymptote y = 2 and two vertical asymptotes
¥ =33,
. 2 9 .
. The function ¢(x) = 5 — 3 satisfies the given
conditions. __J

9L el g pal! Tyl
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6

Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically.

(23-29)

141

(Lo saniSy (oloall Juag AW Juo (o Jasyl)Gesunkicd Gl Skl § olod] s 9 ool Juo (e ABSall 0gd

30

142

In exercises 23-26, use graphical and numerical evidence to ex-

plain why a tangent line to the graph of y = f(x) at x = a does not exist.

23. f(x)=|x—1]|ata=1

A graph makes it apparent that this function
has a corner at x = 1.

L L O L L B 4 T
. = = == =
x

Numerical evidence suggests that,

f(A+h) - (1)

lim =1
h—0t h
while lim fQ+h) - f1) —

h—0— h

Since these are not equal, there is no tangent line.

Al jaoll
9L bl g pal! s yuda
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6

Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically.

(23-29)

141

(Lo Sy ulaall Juog aloldl (oo (o Jasyll)huwtid 3Ll o)) § ulaall a5 (olaall oo [ A3Dlal 043

30

142

In exercises 23-26, use graphical and numerical evidence to ex-
plain why a tangent line to the graph of y = f(x) at x = a does not exist.

24. f(x) =

4x
x—1

ata=1

L L L L I B

-10

|
-8 -6 -4 -2_0 | 2
—2—

-]

5 Tangent line does not exist at x = 1 because
= the function is not defined there.

9L bl g pal! s yuda
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6

Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically.

(23-29)

141

(Lo iy pulanll ey alol @I s ( daayll) bawkits Bl Jidadl) § polendl 22 9 (olaall Juo (0 d35Ma)1 0gd

30

142

In exercises 23-26, use graphical and numerical evidence to ex-

plain why a tangent line to the graph of y = f(x) at x = a does not exist.

2 .
x—1 ifx<0 .
25. f(x) = . ata=10 Also,
x+1 ifx>0 i 0+ H) — f(0)
h—0~ 5 h
From the graph it is clear that, curve is not — Tims h—1-(-1)
continuous at x = (0 therefore tangent line i h
at y = f(x) at x = 0 does not exist. — lim h” _ lim Ah=0
10.0— h—0- h h—0—
Similarly,
L F0+h) — (0
h—0+* h
= I i — i = lim Ez1.
h—0+ h h—0+ h

f(0+ h) — £(0)

Numerical evidence suggest that,

lim
h—0— h
L i TO+R) = £(0)
S S T B T L T T 1 T 1T T 71T 1T h—0t }L . .
o 8 -6 -4 2\9 2 4 & 8 10 Therefore tangent line does not exist at
- x =
-2.5—

Ay jaod|
9 el g pal! s jube
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Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically. (23-29) 141

(Lo iy ulaall ey alol Bl e ( daayll) ity (3Ll o) 3 poloadl 28 9 olaall Juo (0 d35Ma)1 03

30 142

In exercises 23-26, use graphical and numerical evidence to ex-
plain why a tangent line to the graph of y = f(x) at x = a does not exist.

—2x ifx <0
2 f(x)z{xz—élx ifx>0 24="0

N TN (NN N (N T Y N N . N TN N TR NN T N N A
Av ]

-5

From the graph it is clear that, the curve of
y = f(x) is not smooth at x = 0 therefore
tangent line at z = 0 does not exist.

Also,

lim f(0+h) — £(0) = lim = = —2
h—0— h h—0— h

lim JOFR=FO) oy h—gy=—a
h—0t h h—0t

Numerical evidence suggest that,

f(0+h) — £(0)

Izl—i>r(r)1_ h
2 Jim fO+h) - f(0)

h—0+ h
Therefore tangent line does not exist at z = 0.

duujaol|

S5 okl gyl Ayt
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" Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically. (23-29) 141
(Lo Ay oloadl Juog abld)l Jus (p das ) bwtins dl_._u." W!é woolendl e g elead! Jus (0 3\§NaJlN§ 30 142
In exercises 27-30, sketch in a plausible tangent line at the given
point, or state that there is no tangent line.
27. Yy = sinxatxy = r Tangent line at x = 7 to y = sinx as below:
Y 3]
A =
2]
&
- 1 2 3 4 5 6
O—llllllllllllllllllllllllllllll
> X ) é
=
=

9L bl g pal! s yuda
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Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically. (23-29)

141

(Lo saniSy (wloall Juag Aol Juo (0 Jasy)Gessnkisd Gadd) ikl § oload] i 9 ol Jas (e ABSall 0gd 30

142

In exercises 27-30, sketch in a plausible tangent line at the given

point, or state that there is no tangent line.

28. y=tan'xatx=0

Yy
A

» X

Tangent line at x = 0 to y = tan~! z as be-
low:

5.0

LY
o
|
)
lo
o
-
o

9L bl g pal! s yuda
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Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically.

(23-29)

141

(Lo sy ulaall Juog aloldl (oo (o Jasyll)hwtids 3Ll o)) § ulaall a5 (olaall Jus [ A3Dlal 043

30

142

In exercises 27-30, sketch in a plausible tangent line at the given
point, or state that there is no tangent line.

29. y=|x|]atx=0
Y
A

> r

Since the graph has a corner at x = 0, tan-
gent line does not exist.

9L bl g pal! s yuda

Justin Dsouza




Understand the link between the slope of a tangent line and a non-tangent line to a graph geometrically.

(23-29)

141

(Lo iy pulaall oy alo Bl e dayll) ity Bl Lol 3 ool 28 9 olaall Juo (0 d35a)1 03

30

142

In exercises 27-30, sketch in a plausible tangent line at the given

point, or state that there is no tangent line.

30. y=xatx=1

Y
A

——

» X

The tangent line overlays the line:

—
(4] N
I T T Y |

-k
| N [ T N N N ——

=
0
1

ate=1

| -

(]

L

o

IIIIIII

lllllllllllll
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Find the average velocity and the instantaneous velocity at a given point. ( )
7 15-22 141
Slass dladl Lis ddaselll ds wdlg dlaw giall 4 audl Sloxs

In exercises 15-18, use the position function s (in meters) to find
the velocity at time ¢ = a seconds.

15. s(t) = —4.9* +5,(d)a=1; (b)a=2

(b) Velocity at time ¢ = 2 is,

(a) Velocity at time t = 1 is, S(2+ h) — (2)

B, 210+ — 807) L
h—0 h 5 9
_ s —4.9(14+ h)*+5—(0.1) - lim —4.9(2 + h) ;5 — (—14.6)
o —4.9(1 + 2hh+ h?) +5— (0.1) — i, I ) 5 106)
= lim h—0 h
h—0 2h i —19.6h — 4.9h?
_ piy —9-8h = 4.9k = lim ;
- h i P(E196-49R) o
. h(—9.8—4.9h) = ho0 h -
= lim = —9.8. o
h—0 h ol

9L el g pal! Tyl
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Find the average velocity and the instantaneous velocity at a given point.

7 (15-22) 141
flaxs dadl Wis ddasll ds udlg dlaw ginll ds audl Dloms

In exercises 15-18, use the position function s (in meters) to find
the velocity at time £ = a seconds.

16. s(t) =4t—4.9t*, (@) a=0; (b)a=1

(a) Velocity at time t = 0 is, (b) VelOCitly athtimea t1= Lis,
. s(0+ h) — s(0) i S+ R) — s(1)
lim h—0 h ,
-0 h | o A0+ R) = 491+ ) — (0.9)
b 4h — 4.9h Lim =
" h—>0 h iy A+ 4R —4.9—9.8h — 4.9h% + 0.9
. h (4 pr= 49h) N h—0 h
= lim . —5.8h — 4.9
h—0 1 hh — ’hn%) h
=4 — lim 4.9h = 4. 0 b

Al jaoll
9L el g pal! Tyl
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Find the average velocity and the instantaneous velocity at a given point.

7 = = = = = (15-22) 141
Blase dlad wis ddammlll AS rullg Alaswgrall de audl Slows]

In exercises 15-18, use the position function s (in meters) to find
the velocity at time £ = a seconds.

17. s(t) = \t+16,(@)a=0; (b)a=2

(a) Velocity at time ¢ = 0 is (b) Velocity at time t = 2 is,

s(2+ h) — s(2)

i s(0+ h) — s(0) e h
h—0 h — lim V18 + h—+/18
s h+16—4 +h+16+4 h—0 h
= lim . v
h—0 h vh+16+4 Multiplying by h+18+ V18 gives
- (h+16)—16 \/h_+18+\/ﬁ
= lim _ (h +18) — 18
h—0 h(+v/h + 16 + 4) 1 " h50 h(vh + 18 + V/18)
= lim = — — 1 1 _ I
h—0+v/h+16+4 8 _f},lg%)\/h+18+\/1_8_2\/ﬁ

duwjaoll
S93ED1 ealail) g sl s yude
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Find the average velocity and the instantaneous velocity at a given point.
Slass dladl Wic ddaselll de wdlg dlaw giall A wdl Sl

7

(15-22)

141

In exercises 15-18, use the position function s (in meters) to find
the velocity at time £ = a seconds.

18. s(t)=4/t,(a)a=2; (b)a =4

(a) Velocity at time t = 2 is, (b) Velocity at time t = 4 is,
— _4 —
lim 5(2+h) —s(2) - s(4+h) —s(4) — Yim 41h) 1
h—0 h h—0 h h—0
@y~ 2 08 o G
= i3 — 1 ) _ 4+h _ s 4+h
h,lg%) h hlir%) h v hh hoo K
— —1 1
—2h . —2 = lim = lim — = ——

Alﬂ% h(2+ h) h=0 2 + I

—1. h—0 h,(4 -+ h)

h—04+ h 4

Al jaoll
9L el g pal! Tyl
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Find the average velocity and the instantaneous velocity at a given point.

Slass dlad Lic ddaselll de wdlg dlaw giall A wdl Sl

(15-22)

141

In exercises 19-22, the function represents the position in feet
of an object at time £ seconds. Find the average velocity between
@t=0andt=2,(b)t=1andt=2,(c)t=19and t =2,
(d t=1.99 and t =2, and (e) estimate the instantaneous
velocity at £ = 2.

19.

s(t) = 16t + 10

(a) Points: (0, 10) and (2, 74)

74 — 10
Average velocity: 5 = 32

(b) Second point: (1, 26)

4 —2
* 6=48

Average velocity:

(c) Second point: (1.9, 67.76)
74— 67.76

= 62.4

Average velocity:

0.1

(d) Second point: (1.99, 73.3616)
74 — 73.3616

Average velocity:

= 63.84

0.01

(e) The instantaneous velocity seems to be

64.

9L bl g pal! s yuda
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7

Find the average velocity and the instantaneous velocity at a given point.

Slass dladl Wic ddaselll de wdlg dlaw giall A wdl Sl

(15-22)

141

In exercises 19-22, the function represents the position in feet
of an object at time # seconds. Find the average velocity between
@t=0andt=2,(b)t=1andt=2,(c)t=19 and t = 2,
(d) t=1.99 and t =2, and (e) estimate the instantaneous
velocity at = 2.

20.

s() =38 +t

(a) Points: (0, 0) and (2, 26)

26 — 0
Average velocity: = 13

2—-0
(b) Second point: (1, 4)

26 — 4
Average velocity: 26 = = e 5.

(c) Second point: (1.9, 22.477)

26 — 22477

Average velocity: 519

(d) Second point: (1.99, 25.6318)

Average velocity:
26 — 25.6318 _ 36.8903

2—-1.99

(e) The instantaneous velocity seems to be

approaching 37.

= 35.23

Ay jaol|

9L bl g pal! s yuda
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Find the average velocity and the instantaneous velocity at a given point.

, - : - : ‘ (15-22)
Blase dlad wis ddamlll AS rullg Alasgrall de audl Slows]

141

In exercises 19-22, the function represents the position in feet
of an object at time £ seconds. Find the average velocity between
@t=0andt=2,(b)t=1andt=2,(c)t=1.9and t = 2,
(d t=1.99 and t =2, and (e) estimate the instantaneous
velocity at t = 2.

21. s(f) = V12 + 8t (c) Second point: (1.9, v/18.81)
Average velocity:
Points: 2. ¥ 2 — ;
(a) Points: (0, 0) and E/_o \/__%) \/2_02 \/198 I y—
Average velocity: 5—0 - 2.236068 ~i
(d) Second point: (1.99, v/19.8801)
(b) Second point: (1, 3) Average velocity:
Average velocity: \/22_0 _1 d 1.472136 V20 — V19,88 — 1.3425375
- 2—-1.99

(e) One might conjecture that these num-
bers are approaching 1.34. The exact

6 ¥
liIIlit 1§ —— &3 1341641 S @il g ) Tuyibe

V 20 Justin Dsouza



Find the average velocity and the instantaneous velocity at a given point.

. - : - : ‘ (15-22)
Blass dlad wis Adamlll AS rully Alasgrall de adl Slows]

141

In exercises 19-22, the function represents the position in feet
of an object at time # seconds. Find the average velocity between
@t=0andt=2,(b)t=1andt=2,(c)t=19and t =2,
(d t=1.99 and t =2, and (e) estimate the instantaneous
velocity at t = 2.

22. s(t) = 3sin(t — 2)
(c) Second point: (1.9, —0.2995)

(a) Points: (0, —2.7279) and (2, 0) Average velocity:

Average velocity: 0 — (—0.2995) — 9995

i (2—2.(’;'279) P 219

(d) Second point: (1.99, —0.03)

(b) Second point: (1, —2.5244) .. 0—(-0.03)

Average velocity: Average velocity: =3

0 (=95244) e — Lo

_ (2_ '1 ) — 9.5%244 (e) The instantaneous velocity seems to be

3.

duwjaoll
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8 Understand the relationship between continuity and differentiability. (19-22)

151

@ELLYIg JuasYl ¢ A3l 0gd 32

152

In exercises 19-22, compute the right-hand derivative

h) —£(0
D,f(0) = hlil{I)}r AL 2 fO) and the left-hand derivative
h) — (0
D_f(0) = lim fl) S ). Does f’(0) exist?
Y 3 0 ifx<0
: )=
19. f(x) = 2x+1 ifx<0 ¥ iy
3x+1 ifx>0
The left-hand derivative is The left-hand derivative is
. f(h) = F(0) . f(h) = f(0)
D_ = J . T
f(0) hif(r]l_ h D_ £(0) hlifﬁﬂ h
= lim 2h+1_1=2 = lim O_Oz()
h—0— h h—0- h
The right-hand derivative is The right-hand derivative is
. f(h) = £(0) . f(h) = f(0)
D4 f(0) hlf})h h +£(0) B0 h
3h+1-1 . 2h
— 1 —y = l _— = 2
hll—f(r)l"f‘ h = hig)l‘*“ h
Since the one-sided limits do not agree (2 # Since the one-sided limits do not agree (0 #

3), f'(0) does not exist. 2), f'(0) does not exist.

Al jaoll
9L bl g pal! s yuda
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8 Understand the relationship between continuity and differentiability. (19-22)

151

BUExEYs JUasVl g A3l egd 32

152

In exercises 19-22, compute the right-hand derivative

h) — (0
D, f(0) = lim i) —50) and the left-hand derivative
¥ h—0+ h

D_f(0) = hlilgl_ AL ;f(O) . Does f’(0) exist?

2 ifx<0
xr ifx>0

21. f(x) = {

The left-hand derivative is The right-hand derivative is
. f(h) — £(0)
h) — -

D_f(0) = lim 2M =S Dl )= o, ==

h—0- h h,3 — 0
. h*-0 = lim =0

= Jim =] h—0+ h
h—0- h

Since the one-sided limits are same (0 = 0),

1(0) exist.

CLUL) 1 .f_;__\[

9L bl g pal! s yuda
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8

Understand the relationship between continuity and differentiability.

(19-22)

151

@ELLYIg JuasYl ¢ A3l 0gd

32

152

In exercises 19-22, compute the right-hand
h) —f(0

D, f(0) = hlilfl)gr A )hf( ) and the left-hand
fh) —f(0)

D_f(0) = hlilgl_ - . Does f’(0) exist?

22. f(x) = {

2y iftx <0
2 +2x ifx>0

The left-hand derivative is

D_f(0) = lim f(h) — f(0)

h—0+ h
= lim 2—h =
h—0— h

derivative

derivative

The right-hand derivative is

D, f(0) = lim f(h) — £(0)

h—0— h
_ h? + 2h
= lim
h—0+ h
— lim h(h + 2)
h—0+ h
= lim h+2=2

h—0+

Since the one-sided limits are same (2 = 2),
f(0) exist.

L jaol]
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Understand the relationship between continuity and differentiability. (19-22) 151

BExEYNg Juaidl o A8l 0gd 32 152
2
xc+2x, x<0
32. For f(x) = find all real numbers a and b
ax+b, x>0
such that f'(0) exists.
.
Flz)= {$a$++2£c i i 8 D_ f(0) exists if and only if b = 0.
For h < 0, f(h) = h2 + 2h, £(0) = b Pubstiiuting =1, o
D_f(0) = tim [T D-f(0) = lim == = lm (h+2)=2
e , For h > 0, f(h) =ah+b, f(0)=b
. h+2h —b . f(h) — f(0
=2 " D1j0) = i D
For f to be differentiable D_ f(0) must exist. - bbb
= lim
h—0+ h
= lim % =a
N h—0+ h N

D, f(0) = 2 if and only if a = 2. S
SO uulalld g ot syt
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9

Find the derivative of a function at a given point using the Power Rule.

Bllans dlad Lic 5ol BAcl pliseiwl Lo 1o Aikiue Sl

(33-38) 161

In exercises 33 and 34, (a) determine the value(s) of x for
which the tangent line to y = f(x) is horizontal. (b) Graph the
function and determine the graphical significance of each such
point. (c) Determine the value(s) of x for which the tangent line
to y = f(x) intersects the x-axis at a 45° angle.

33. f(x) =x> —3x+1

(a) f(z)=2°-3z+1
f'(x) =3z*-3
The tangent line to y = f(x)
is horizontal when

f(z) =0

=322 -3=0(

= 3z~ —1)=10
=>3x+1)(z—-1)=0
p=—larp=I1L,

ative maximum, the second is a relative
minimum.

P
TR T TPTTTTTITT]
1 2 3

T T T T 17O
2 -1

=

|
?llll“rlllnl

|
=8

(b) The graph shows that the first is a rel- (c¢) Now to determine the value(s) of = for

which the tangent line to y = f(x) inter-
sects the axis at 45° angle that is when

f(z) = 1.

3z2 -3 =1
(@ -1) =}
i = =

32

duujaol|
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9

Find the derivative of a function at a given point using the Power Rule.

Bllans dlad Lic 5ol BAcl pliseiwl Lo 1o Aikiue Sl

(33-38) 161

In exercises 33 and 34, (a) determine the value(s) of x for
which the tangent line to y = f(x) is horizontal. (b) Graph the
function and determine the graphical significance of each such
point. (c) Determine the value(s) of x for which the tangent line
to y = f(x) intersects the x-axis at a 45° angle.

34. f(x) =x* —4x+2

(a) Now to determine the value(s) of = for
which the tangent line toy = f (z) inter-
sects the axis at 45? angle that is when

fflx)=1
322 -3=1
3(1:2—1)

(b) The graph shows that the function has
global minimum at (1, —1)

(c)

T T T T 7 TTT4
-10 -5

WT T T T T T T 1]
5 10

|

-

ci)I]II(!r'II.--I--.

|
'y

Now to determine the value (s) of for
which the tangent line to y = f () inter-
sects the axis at 45 angle that is when

ffz)=1

4:1;-3—4:11

3

._1 —_ —

(= -1) = 5
1:3_?_ §1/3
4\ 2

divjaol|

SOIET1 alaild g palt Auryie
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Find the derivative of a function at a given point using the Power Rule.
9 (33-38) 161

Bllans dlad Lic 5ol BAcl pliseiwl Lo 1o Aikiue Sl

In exercises 35 and 36, (a) determine the value(s) of x for

which the slope of the tangent line to y = f(x) does not exist. (©) f() = |¥2 = 3x—4]
(b) Graph the function and determine the graphical significance
of each such point. f (@) = 22z —3 whenz >4 orz < —1

—2r+3when —1<zxz<4

(b) f(&) = lx =5

35. (a) f(x) = x2/3 f'(x) is not defined at = = —1, 4.

; 1 whenz > 3
fle)=9_
. 2 _1/3 2 1when z < 3
f(z)= 37 == 39z f' (x) is not defined at =z = 3.
The slope of the tangent line to y = =
f (x) does not exist where the deriva- -
tive is undefined, which is only when x=0. ol
2] o 8 -8 4 2 % 2 4 6 8 10
3.6 = o _2:
3.2t 1 T~ 17 T 17 7 1 ¢ T T T T T T T T ] y _47.
] -5 -4 -3 ) -2 -1 _1;03 1 2 3 4 5 —6:
24: _2: -e:
i y_a: -10-
~ The graph shows that the function has
-5 global minima at (—1,0) and(4, 0).
The function has relative maximum at
Though the graph of function is contin-

3 25 Justin Dsouza
2 1) '

——— uous at x = 3 tangent line does not exist (
x as at this point there is sharp corner.




Find the derivative of a function at a given point using the Power Rule.

Bllans dlad Lic 5ol BAcl pliseiwl Lo 1o Aikiue Sl

(33-38) 161

In exercises 35 and 36, (a) determine the value(s) of x for
which the slope of the tangent line to y = f(x) does not exist.
(b) Graph the function and determine the graphical significance

of each such point.
36. (a) f(x) =x'/3

fl@)= 5o = —

9x8/9
The f’(x) is not defined at x = 0.
2.0
1.6—
12—
o.a—//
0.4—
| LI L LU SN 6. L L L L L
-5 -4 -3 -2 -1 1 2 3 4 5
-0.4—
-0.
1.2
—-1.6—
-2.0—

The graphical significance of this point
is that there is vertical tangent here.

(b) f(x) = |x + 2|

1 when z > -2
! () —
i) = {—1 when 2 < —2
The f’(x) is not defined at x = —2.

L L L L I L L
-5 -4 -3 -2 -1_0 1

Though the graph of function is contin-
uous at x = —2, tangent line does not
exist as at this point there is sharp corner.

(©) F(x) = |x® + 5x + 4

§ o) = |x2 —1—5:1:—1-4] = |(x +4)(x+ 1)

£ (z) = {2x+5when$< —4orzx>-1
—2xr —5when —4<zx< -1

The f’(z) is not defined at x = —4, —1.

[TTTTTTTTTTTTITTTTTTI
-10.0 -7.5 -5.0
x

rTTTTTTT

-25 oo . 25 5.0

The graph shows that the function has
global minima at (—4, 0) and (-1, 0).
The function has relative maxima at
(—2.5, 2.25).




" Find the derivative of a function at a given point using the Power Rule.

(33-38) 161

Blans dlad Jis 5gdll BUcld plusuiwl o A1> ddiiew Sl

37. Find all values of x for which the tangent line to
y=x>—3x+1 is (a) at an angle of 45° with the x-axis;
(b) at an angle of 30° with the x-axis, assuming that the

angles are measured counterclockwise.

(a) y=2° -3z +1
y =322 -3=3(2*-1)

The tangent line to y = f (x) intersects

the x-axis at a 45° angle when
fiz)=1
&3 (:132 — 1) =1

5 1
S re=1+ -
|

2 2

L= ——0re’r = ———

V3 V3

(b) The tangent line to y = f (x) intersects

the x-axis at a 30° angle when

1
/
T) = —.
f(z) 7 1
<:>3($2—1):—
V3
(:>$2—1—|——1
3V3
1 1/2
Sr=|14+4—% 0
v ( 3\/5) '
1 1/2
z=—|14—= ~
( 3\/5) a0l

9L el g pal! Tyl
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Find the derivative of a function at a given point using the Power Rule.

Blass Alai wis 59l SAc plusiuwl b 41> diziue Sy

(33-38)

161

38. Find all values of x for which the tangent lines to
y=x+2x+1 and y=x*+x>+3 are
(b) perpendicular.

Answers depend on CAS.

parallel;

SN ol B ) Tyl
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Use differentiation rules and higher derivatives in solving real-life problems.

10

Aol Plus Jo 3 Lol Oliniallg GUEzsYI aslgd plusiwl

(21-26) 161

In exercises 21-24, use the given position function to find the

velocity and acceleration functions.

21. s(t) = —16t> + 40t + 10

v(t) = s'(t) = —32t + 40
a(t) =v'(t) = s"(t) = —32

1
v(t) = §'(t) = 5t—l/? + 4t
1
a(t) =o' (t) = s"(¢) —Zt—?’/? +4

22. s(t) = —4.9#> + 12t -3

s' (t) = —9.8t + 12
a(t)=v"(t)=s"(t) = —-9.8

9L bl g pal! s yuda
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10

Use differentiation rules and higher derivatives in solving real-life problems.

Aol Plue Jo 3 Whall Oliidnllg QLY uelgd plusiuwl

(21-26) 161

In exercises 25 and 26, the given function represents the height
of an object. Compute the velocity and acceleration at time
t = t,. Is the object going up or down?

25. h(t) = —16t* +40t+5, (a)t, =1 (b) t, =2

h(t) = —16t* 4+ 40t + 5
v(t) =h'(t) = —32t + 40
a(t) =o' (t) = ' (t) = —32

(a) At time tg =1
v (1) = 8, object is going up.
a (1) = —32, speed is decreasing.

(b) At time to = F

v (2) = —24, object is going down.

a(2) = —32, speed is increasing.

h(H) =102 —24t, (@) t, =2 (b) t, = 1
h(t) = 10t° — 24t

v(t) =h'(t) =20t — 24

a(t) =7 (t) =h"(t) =20

(a) At time to = 2
v (2) = 16, object is going up.
a (2) = 20, speed is increasing.

(b) At time tg = 1
v (1) = —4, object is going down.
a (1) = 20, speed is decreasing.

SHE aladll A g | dusyoba
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- Apply the Quotient Rule to find derivatives. (5-12)

169
1D dawnd o= d8iiin BAsB Guudal

(19,20,22,24)
In exercises 1-16, find the derivative of each function.

3t —2 2 +2t+5
) 6. () =
>80 =57 80 = F 51
3t —2 t2 +2t+5
t — t —
gy — (Bt £ (3t-2))— ((3t=2) £ (5t+1)) g (t) =
g ( ) _ (5t+1)2 ((t2—5t+1)%(t2+2t+5))—((t2+2t+5)%(t2—5t+1))
_ 305t +1) —5(3t — 2) 511
B (5t + 1) _ (2= 5t+1)(2t+2) — (£ + 2t + 5)(2t — 5)
_ 15t+3-15t+10 13 514 1)
(5t +1)° (5t 4 1)

Al jaoll
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11

Apply the Quotient Rule to find derivatives.

(5-12)

169

1S Aasud )l Aliidea BUAS Gaukad (19,20,22,24)
In exercises 1-16, find the derivative of each function.
3x — 64/X 6x —2/x
7. ) = 8. f) = 22/
5x2 -2 x2 i1 \/;
3z — 6y 3(z —2z!/2) _ 9,1
_f(iB) — —— — — f(.CC) _ 6x 2%
, 512 — 2 512 — 2 22 4 2172
f (x)Q_ d 12 1/2\ d 2 f,(.’E)
3((5‘" —2)ﬂ($—2$(5$)2—_(;);293 + (52°—2)) B (:1:2+:1:1/2)%(63:—256_1)—(6:6;23:_1)%(332—|-:I:1/2)
_ - (z2+21/2)
_3 ((5332 - 2)(1 — 1/2) - (CB - 2371/2)(103:)) _ (3;2+3;1/2)(6+2:c_2)—(63:—2:::_1)(2:13—1—%3:_1/2)

(522 — 2)°

(z2+21/2)?

” .

9L el g pal! Tyl
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Apply the Quotient Rule to find derivatives. (5-12)
11 169

A1 daund o\ Al BAcld Ganas (19,20,22,24)

In exercises 1-16, find the derivative of each function.

w+1)u-2) 10, )= —=2 (u+3
9. flu) = ——F— f(u} qu(u' )
f(u) = (u+1)(v—2) w—u—2 F(u) = (2u)(u+3)  2u®+ 6u
w2 —-5u+1  u2-5u+1 w241 w241
f,(U) — ((u2_5u+1)%(uz_u(—i));(_l(_'l;jz—u—-Q)%(u2_5’u—|—1)) f’(u) _ ((u2+1)%(2,“2_'_6“)2_(52,&2_'_6“)%(u2+1))
B —at (u2+41)2
T (u? + 1)(4u + 6) — (2u? + 6u)(2u)
2u’ —10u?+2u—u?+5u—1—2u’4+2u’+4u+5u* —5u—10 - (u? + 1)2
- (u2—5u+1)2 3 2 3 ;.
A 2B — 11 ~ Au” 4+ 6u” +4u+6 —4u” — 12u
_ — 2
(w2 — 5u+ 1) (u? +1)
_ —6u®+4u+6
(u? +1)°
2(—3u? + 2u + 3)
p— dw)aol|
(u2 + 1)2 éﬁmw:@m@w

Justin Dsouza



- Apply the Quotient Rule to find derivatives. (5-12) _—
RIS dauud )5 Alides BB Fasdas (19,20,22,24)

In exercises 1-16, find the derivative of each function.

x> +3x—2 i — B
11. 12.
f) = Jx o) = x? + 5x
We do not recommend treating this one as a f(z) = z? — 2z
quotient, but advise preliminary simplifica- 2245z
tion. B m o () = (2® + 5z) L (22 — 2z) — (2® — 2z) £ (z? + 5z)

flz) = = & 1 50)°
2 \/_332 9 _ (2 + 52)(2z — 2) — (:1:22— 2x)(2z + 5)
“Vz Ve (2% + 52)
— 3:3/2 4+ 3$1/2 . 23:_1/2

(z) = ;’ 12 ;x—uz 4 g3/2

Al jaoll
9L bl g pal! s yuda
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- Apply the Quotient Rule to find derivatives.

(5-12)

1S Aawd gyl Aliidna BAS Gunka

(19,20,22,24)

169

In exercises 17-20, find an equation of the tangent line to the
graph of y = f(x) at x = a.
x+1

19. rix)= x+2,a=0
1
f@0=212

By The Quotient Rule, we have

() = (z+2)E(z+1) — ((z+1)L(z+2))
(z +2)°
- (z4+2)—(z+1) 1
O +O2)2 (z+2)"
CT0rL 1 ‘
£(0) = == . 1 ,
0+2 2 The line with slope 1 and passing through
1 1
f(0) = % the point (O, 5) has equation y = —x + 5"

Al jaoll
9L bl g pal! s yuda
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- Apply the Quotient Rule to find derivatives.

5-12
{ ) 169

1S Aawd gyl Aliidna BAS Gunka

(19,20,22,24)

In exercises 17-20, find an equation of the tangent line to the

graph of y = f(x) at x = a.

X+ 3

20. f(x)= 21

a="1

By The Quotient Rule, we have
(@2 + 1)Lz +3)) — ((z+3)L(2%2 +1))

f@) =

(22 +1)°
(z? +1) — (z + 3)(2z)

(22 +1)°

Atz=a=1,

_ 143 __
= 12tLll _62 1 6 3
F'1) = — 4; i s g
(1+1) 4 2

The line with slope ~—§ and passing

through the point (1, 2) has equation y =

3 QJJJJLD.H
—5 (:E N 1) + 2- S euladl A g pal! ayuda

Justin Dsouza




” Apply the Quotient Rule to find derivatives. (5-12)

A1 daund T\ Al BAcld Ganas (19,20,22,24)

169

In exercises 21-24, assume that f and g are differentiable with
fO0)=-1,f1)=-2,f0)=-1, (1) = 3,40 =3, g(1) =1,
g'(0) = —1 and g’ (1) = —2. Find an equation of the tangent line
to the graph of vy = h(x) at x = a.

f(x) oy g9@)f () — flx)g (z)
729, =T T ; . = h —
h(x) @ @ a=1; b)a=0 (z) @)
(a) Atz =a =1, (b) Atw=8=0,
_ a2 h(0) = L3 = -1
W= T w(0) = 90S(0) — £(0)g'(0)
, 1) (1) — f(1)g'(1 (9(0))
(1) = 242 ((;(1))2( 1o ) REORICE
_()B) - (-2)(=2) T
N 12 9
So, the equation of the tangent line is 50, thz equaltlon B 08 et SO 5

y=—(z—1)—2. ST TFT g

duw jaol|

GHRN sl g yalf Auryibh
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- Apply the Quotient Rule to find derivatives. (5-12) -
A5 doued 72y Alides BusB Gaskas (19,20,22,24)

In exercises 21-24, assume that f and g are differentiable with

f(0)=-1,f1)=-2,f(0)=-1, (1) =3, 20 =3, g(1) =1,
g'(0) = —1 and ¢’ (1) = —2. Find an equation of the tangent line
to the graph of y = h(x) at x = a.

¥ . . pr
28, W) ="—: (&) p=1; (b} »=0 MR A ()= rg(z) 3329 ()
8(x) (9(2))
(a) Atz =a =1,
12 1 (b) At x =a=0,
h(l) = — = -=1 02 0
W) 2% 1xg(1)—12¢'(1) %mo 3@) P(0)
- , X 0 X —0%q’
(9(1))° K (0) = é@DZEJ _
— (2)(1)(1)1; (1){=2) So, the equation of the tangent line is
2+ 2 y=0.
— T =4, e
So, the equation of tangent line is y = 9 il g e

4(.’]3 = ]_) -+ 1. Justin Dsouza
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Find the derivative of an inverse function using the Chain Rule.

(17-22) 176

12

Al BAS pluseiasl 1> ugSane Alkiue Slow)|

In exercises 17-22, f has an inverse g. Use Theorem 5.2 to find ¢’ (a).

17. flx) =x° +4x—1,a= -1

f(xz) = 2° + 4z — 1 is a one-to-one function
with f(0) = —1 and f’(0) = 4. Therefore
g(—1) =0 and

(1) = = =
IV T (k) T o) 4
19. fx) =x +3x +x,a=>5

f(x) = 2° 4+ 32° 4+ z is a one-to-one function
with f(1) =5 and f'(1) =5+9+1 = 15.
Therefore g(5) = 1 and

, B | B 1 B i
90 = 76y ~ O 1B

18. f(x) =x"+4x—2,a=-2

f(x) = 2° + 4o — 2 is a one-to-one function
with f(0) = —2 and f/(0) = 4. Therefore
g(—2) =0 and

20. fx) =x’ +2x+1,a=-2

f(x) = 2° + 22 + 1 is a one-to-one function
with f(—1) = —2 and f/(—1) = 5. Therefore
g(—2) = —1 and

duw jaoll

1
/ 9 = — — _ ERs
g9 (=2) :

Justin Dsouza




12

Find the derivative of an inverse function using the Chain Rule.

(17-22) 176

A BAE plaiasl 1> wgSne ke Slow)]

In exercises 17-22, f has an inverse g. Use Theorem 5.2 to find g’(a).
21. f(x) = V¥ +2x+4,a="2

f(z) = Va3 + 22 +4 is a one-to-one func-
tion and f(0) = 2 so ¢g(2) = 0. Meanwhile,

f@) = mramraie +2
£/(0) = 1/2

'(2) = e = s =2
T ) T 7o)

22 N(x) = Vx5 +4x3 +3x+1,a=3

f(z) = Va5 + 423 + 3z + 1 is a one-to-one
function and f(1) = 3 so g(3) = 1. Mean-

while,
52+ 1222 + 3

/

T =
fz) 226/275?64333—'_333-{_1
/

]_ = —_——= —
(1) 63 1 3
(3) = - o=

Al jaoll
9L bl g pal! s yuda
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13

Find the derivatives of trigonometric functions using differentiation rules.

(1-22)

GELLY| uelgd pluseiwl ddliell Jlgul Ciliiiee Slow)

184

In exercises 1-18, find the derivative of each function.
1. f(x) =4sin3x —x

f
¥

r) =4sin3zr —x
(x) =4 (cos3z) (3) — 1
= 12cos3x — 1

3. f(t) = tan® 2t — csc* 3t

) = tan’2t — csc43t

Fit
f' (t) = 3tan? (2t) sec? (2t) (2)
— 4csc® (3t) [— csc (3t) cot (3t)] (3)

= 6tan? (2t) sec® (2t)
+ 12csc* (3t) cot (3t)

2. f(x) = 4x* — 3tan2x

f (z) = 42® — 3tan 2z
f
7

f' () = 4(2z) — 3sec?(2z) (2)
= 82 — 6sec?(2x)

4. f(t) = #* + 2 cos” 4t

f (t) = t* + 2cos?4t
7t

t
(

) = 2t + 4 cos (4t) [— sin (4t)] (4)
= 2t — 16 sin (4t) cos (4t)

Ay jaol|

9L bl g pal! s yuda
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Find the derivatives of trigonometric functions using differentiation rules.
13 (1-22) 184
GELLY| uelgd pluseiwl ddliell Jlgul Ciliiiee Slow)

In exercises 1-18, find the derivative of each function.

5. f(x) = xcos 5x? 6. f(x) = x*sec4x
f(x) = x cos 5x? ; , Fiiz) = sec 4x
f'(x) = (1) cos 52" + x(—sin5z”) - 10z f' (x) = z° (sec4x tan4x) 4 + (sec 4z) 2z
= cos 5z — 10z sin 5z = 42% (sec 4z tan 4x) + 2z sec (4x)
2 72
| sin X 8. —
7. fl) = 2 f® cse* 2x
Siﬂ(ﬂ?z) _ 2z|csc?(2z)|—4x?|csc® (2z) | [— csc(2z) cot(2)](2)
flz) = 5 f'(z) = 2 | [[CSC4(2$])]2
(z) = z” cos(z?) - 2z — sin(2?) - 2% 2 8z? [csct (2x) cot (2z)]
2122 2 o o i - osc! (22) [escd (2z)]
_ x|x® cos(x 2 — sin(z?)] o 822 cot (2z) |
x g 1 o
_ csct{24) csc* (2z) ol
212 oy 2 |
— =" cos(z )3 iine ) 21 + 8z cot (2) e
i = Justin Dsouza

csct (2x)



13

Find the derivatives of trigonometric functions using differentiation rules.

GELLY| uslgd pluseiwl ddliall Jlgul Cilidee dlow)

(1-22) 184

In exercises 1-18, find the derivative of each function.
O A =S I S SR

f (t) = sin 3t sec 3t = tan 3t
f(t) = o tan (3t)] = sec? (3t) (3)

dt
= 3sec? (3t)
1
11. =
f(w) sin 4w
1
fw)= sin 4w1
(W) = —— cos 4w (4
f(w) (sinélw)2 )
—4 cos 4w

sin4w

10. f(t) = \/cos 5t see 5
f (t) = V/cos bt sec 5t

1
B JCOS i (cos 5t) =
f'it)=—1)=0
12. f(w) = w? sec® 3w

f (w) = w?sec?3w
' (w) = w? (2sec 3w) (sec 3w tan 3w) (3)
+ sec? (3w) (2w)

= 6w?sec?3x tan 3w + 2wsec?3w -

9L bl g pal! s yuda
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13

Find the derivatives of trigonometric functions using differentiation rules.

(1-22) 184

GELLY Uelgd pluseiwl ddliell Jlgul Ciliiiee Slow)

In exercises 1-18, find the derivative of each function.
13. f(x) = 2sin2xcos 2x

f (z) = 2sin (2x) cos (2x)
[ (z) = 2{sin (2z) [ sin (2z)]

)] (2)
+ cos (2x) [cos (2z)] (2) }
= —4sin? (2x) + 4cos? (22)
= 4cos” (2z) — 4sin? (27)

15. f(x) =tan y/x? + 1
iz} = tan \/5172——|—1

f'(x) = (sec’/22 + 1)

14. f(x) = 4sin” 3x + 4 cos? 3x
f (x) = 4sin® (3x) + 4cos? (3z)
= 4 [sin® (3z) + cos” (3z)] =4

d

f@) =g @ =0

16. f(x) = 4x” sinx sec 3x

)= 42 sin x sec 3x
f'(x) = 8z sin x sec 3z + 42*[cos x sec 3x

+ sin x sec 3z tan 3z(3)]

Ay jaol|

9L bl g pal! s yuda
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23 Find the derivatives of trigonometric functions using differentiation rules.

(1-22) 184

GELLY| uslgd pluseiwl ddliell Jlgul Ciliiiee Slow)

In exercises 1-18, find the derivative of each function.
17. f(x) = sin’ (cos Vad + 2x2)
Fila) = BSimé (cos V3 + 2.;122)
- COS (cos V3 + 2:192)
: (— sin /23 + 2372)
. %(IB +242) 7% (322 + 42)
3 2 3 2\ —1/2
=35 (3:1: —|—4:L') (a: + 2z )
. sin? (cos Va3 + 23:2)
- COS (cos Vs + 2:1:2)

: (— sin V3 + 2:1:2)

18. f(x) = tan*(sin*(x* + 2x))

f (z) = tan® [sin® (z° 4 2z) ]

f' (z) = 4 [tan® (sin® (2° + 27))]

: :86C2 (sin2 (:1:3 : 3 2:19))]

: :2 sin (:c3 + Qx)]

. [cos (z° +22)] - (32% +2)

9L pealalll Ag pal! Tsyule
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Find the derivatives of trigonometric functions using differentiation rules.
13 (1-22) 184
GELLY| uslgd pluseiwl ddliell Jlgull Cildidee Slow)

In exercises 19-22, find the derivative of each function.

19. (a) f(x) = sinx? 20. (@) f(x) =cosy/x () f(z) =cosvu

(b) f(x) = sin”x (b) f(x) = /cosx f' (z) = (—sin/x) 5(;,;)—1/2
1 — .
(C)f(x) = sinxx (C)f(x) = COS %x . —5(27) /2 S111 \/3_3
(a) f(z) =sina® (b)f(ar)=\/1m
a =gz | _ |
f' () = cos (?) - (22) = 2 cos (+°) ' (2) = 5 (cosz) /2 (~sinz)
(b) f,(iﬁ) = Sin23: _ _% SiIl:E(COS m)—1/2

F (2] = Zsinscos s 1

(c) f(x) =sin2x s N
f’' () = cos 2z (2) = 2 cos 2z (€) J (=) (2 )

f' () = —sin (%:1:) . (%)
~Lan (L)




- Find the derivatives of trigonometric functions using differentiation rules.

(1-22) 184

GELLY Uslgd pluseiwl ddliall Jlgul Cildidee Slow)

In exercises 19-22, find the derivative of each function.
21. (a) f(x) = sinx* tanx

(b) f(x) = sin®(tanx)
(c) f(x) = sin

(b) f(x) =
(©) f(x) = sec

(tan ») (tan” x)

(a) f(x) =sinz’tanz

f' (z) = sinz® (sec’z) + 2z cosz” tanz

(b) f(x) = sin® (tan z)
f’ (x) = 2sin (tan ) - cos (tan z) - sec’x
(c) f(z)=sin (tan’z)
f(z) = [ 0s (tanzzc)] (2tan x) (secza:)
= (2tanz) (sec’z) [cos (tan’z)]

22. (a) f(x) = secx’*tanx® (a) f(x

ec’(tan x)

) = sec z* tan 2

f' () = sec® (z°) (2z)
+ tan® (z?) sec (2°) (2z)

— 271 sec x° [sec2 x? + tan 332]

(b) f(z) = sec” (tanz)
¥ (@Y = QSec (tan x) [sec (tan z)
.tan (tan z)] (sec’x)
(c) f(x) = sec (tan’z)
/' (z) = [sec (tan’z) tan (tan’z)]

. (2tanz) (sec’)
= (2 tan ZCSGCZZC)
- [Sec (tanza:) tan (tanzx)]

9L bl g pal! s yuda
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- Find derivatives of natural logarithmic functions.

(7,8,22)

193

duaudall dadayle gl Jlgll ilaides Slon|

(26,39-44)

194

In exercises 1-24, differentiate each function.

7. h(x) = (1/3)*

() = (5)" 2

h(z)=In(3) 2z ()"
= 2z-In(1)- (})"
= —2z-In(3) - ()"

Ay jaol|

9L bl g pal! s yuda
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14

Find derivatives of natural logarithmic functions.

(7,8,22)

193

duasadall duaiyli gl Jlgull Colixun Slov)

(26,39-44)

194

In exercises 1-24, differentiate each function.

22. (a) h(x) = 2°

h(z) = 2° -e®- 1n 2

SN ol B ) Tyl

Justin Dsouza




14

Find derivatives of natural logarithmic functions.

(7,8,22)

193

duasadall duatyli gl JIgull Colixiea Slov)

(26,39-44)

194

In exercises 25-28, find an equation of the tangent line to y = f(x) atx =1.

26.

)y =3*

f(z) =37

f(1)=3" =3

f'(z) =3% In3-exl¢V
f/(1)=3In3-e

So, the equation of the tangent line is,
y=3In3-e(x—1)+ 3.

9L aladlt g st syt

Justin Dsouza




14

Find derivatives of natural logarithmic functions.

(7,8,22)

193

duasadall duaiyli gl Jlgull Colix e Slov)

(26,39-44)

194

In exercises 39-44, use logarithmic differentiation to find the derivative.
39. flx) =5~

@) = (

f(CE) _:Usina:

I F i) — sinw.dn
f'z) d

Flz) ~ 4z (sinz.Inz)

Sin &

=cosz.lnx +

40. f(x) = x**

ln Y, (a:)

f' (x)

rcosz.lnx 4+ sinzx

2) Inx
= —2xlnzx + (4

:1:4_3:2 (—23: Inx + (4

_ 2?) %)

9L bl g pal! s yuda
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- Find derivatives of natural logarithmic functions. (7,8,22) 193
daaugdall dxaiayle gl Jigl Colizien Slows) (26,39-44) 194

In exercises 39-44, use logarithmic differentiation to find the derivative.

41. f(x) = (sinx)* 42, f(x) = ()™
f (z) = (sinz)” Tillach= e )
ln’f (2] = zfl In (sinx) lnf (i) = B lna
fx) _ (z.1n (sinx)) I (z) —8lnzx + 8;1:l

f(z)  da f () 4 z
= $S?§i$ + In (sin x) f'(z) = (¢*)" (8Inz + 8)

= z cot x + In (sin x)

f'(z) = (sinz)”. (zrcotx + In (sinz))

9L bl g pal! s yuda
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14

Find derivatives of natural logarithmic functions.

(7,8,22) 193

duasadall duatyli gl JIgull Colixiea Slov)

(26,39-44) 194

In exercises 39-44, use logarithmic differentiation to find the derivative.

43. f(x) =
f(z) =2
nf(a:):ln:c Inz = In°z
f'x) d _
() = (ln :1:) =

i

fl (.’13) — plnz [211133] _ 2$[(ln:r;)—1] In x

2Inx

44. f(x) = xVx

f(z) =ave
Inf(z) =+zlnz

) _ 1
o) = 35 VA

' (z) =aV® (Llnx + i)

9L bl g pal! s yuda

Justin Dsouza




UNITED ARAB EMIRATES

lii' “";il MINISTRY OF EDUCATION
NN
J\&J’uu\;"\\

' (/«. .
g \q Wy

Best Math

Question 15

Use implicit differentiation to find derivatives
of inverse trigonometric functions

/bl Page 204
— Exercise 29 - 34

Justin Dsouza
Teacher



Use implicit differentiation to find derivatives of inverse trigonometric functions.
15 (29-34) 204

dpnSall Adkiadl JIgl Silindies Slaw| § (Seiall GELLYI plusuiu

In exercises 29-34, find the derivative of the given function.

29. (a)f(x) =sin™'(x* + 1) (b) f(x) = sin™" (1/x)
f(z) =sin™" (27 + 1) f(z) =sin™" (V)
Diffrentiai:iing with respect to z, Diffrentiating with respect to z,
Flz) = @.[Sin_1 (z° +1)]. f(z) = % [sin™! (vz)] .
By the Chain 1”1116 we get’d By the Chain rule, we get
3 e 1 d
f' (z) = VR (2" +1) f'(z) = N (V)
_ (3x2) 1 ( 1 )
\/1-<X3+1>2 S VI-z \2Vz

32 — L

= - 2/ (1 —x o

9L bl g pal! s yuda
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15 Use implicit differentiation to find derivatives of inverse trigonometric functions.

(29-34) 204

dpnSall Adkiadl JIgl Silindies Slaw| § (Seiall GELLYI plusuiu

In exercises 29-34, find the derivative of the given function.

30. (a)f(x) = cos™ (x? + x)

Diffrentiating with respect to z,

fz) = % cos™! (2% + )] .
By using Chain rule, .
—1
§ el = (2% + )

(b) () = cos~(2/)

/= (2)

Diffrentiating with respect to z,

16

By using Chain rule,

Fle)= \/1 :1(%)2 d‘i (%>

:E 3: i 4: S makalld g pal! dyule

Justin Dsouza




Use implicit differentiation to find derivatives of inverse trigonometric functions.

(29-34) 204

15

dpnSall Adkiadl JIgl Silindies Slaw| § (Seiall GELLYI plusuiu

In exercises 29-34, find the derivative of the given function.

31. (a)f(x) = tan~'(1/x)

Diffrentiating with respect to =,

f(z) = % tan™" (V)] .
By the Chainlrule, 4
f(z) = (Vz)

- <1J1r:c> (ﬁ)
- 2z (1 +a)

(b) () = tan1(1/x)

f (z) = tan~" (i)

Diffrentiating with respect to x,

' (x) = 4 [tan_1 (l)] .
g @
By the Chain rule,

f'(m)zul(%)zdi G)
- ()

—1
(2% + 1)

9L aladlt g st syt
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15 Use implicit differentiation to find derivatives of inverse trigonometric functions.

(29-34) 204

duSall AdLiadl JIgul Oilindies Slaw| § Geiall LAY plusuiu

In exercises 29-34, find the derivative of the given function.

32. (a)f(x) = V2 + tan~! x

Diffrentiating with respect to =,

I (z) = di (\/2 - tan_lm) .
o
By the Chain rule,

, 1 d
4 8 —
f (@) 2v2 + tan "z dx

(2 + tan™'z)

1 1
B 2v/2 + tan Lz <1+$2>
1

2(1+22)v2+tan" 1z

(b) f() = e

Diffrentiating with respect to =,

i el = a4 (etan_lm) .
dx
By the Chain rule,

r@=") (rim)

9L aladlt g st syt
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Use implicit differentiation to find derivatives of inverse trigonometric functions.

(29-34) 204

dpnSall AL JIgul Oilindies Slaw| § (Seial GELAYI plusuiu

In exercises 29-34, find the derivative of the given function.

33. (a)f(x) = 4sec(x?)

Diffrentiating with respect to x,
d 4
Fiiz) = = (4sec (z*))

By Chain rule,

f' (@) = 4sec (o) tan (a*) - (a*)
= 4 sec ( ) an (334) (49:3)
— 162° sec (:1:4) tan (334)

(b) () = 4 sec1(x*)

Diffrentiating with respect to ,

' (z) = % (4sec™ (z%)) .
By Chain rule,
1 d
f'(z) =4 (z%)
:1:4\/(w4)2 g
1 3
==t )
16
oVt —1

9L bl g pal! s yuda
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Use implicit differentiation to find derivatives of inverse trigonometric functions.
15 (29-34) 204
duSall AdLiadl Jlgull Oilindes Slam| § (Seuial QLAY pluseiu

In exercises 29-34, find the derivative of the given function.

34. (a)f(x) = sin"'(1/x) (b) f(x) = csc™lx
f(z) = ol (1) Diffrentiating with respect to =,
% d i
Diffrentiating with respect to z, f' () = e ().
d i By the Chain rule,
/ e t.— - . 1
7= g (5 (3) F@=-rrm=
By the Chain rule Vs —1
d (1
F lE)= \/1 Y - (—)
—1
:cz — I %
—_— l s D
vz — 1 gsi ;g;wa«w

Justin Dsouza
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a) Use the Squeeze Theorem to find limits
b) Find limits at infinity and limits that are infinite
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16

a) Use the Squeeze Theorem to find limits.

(29-32)

85

a) Cblgdl slowy 8 la il ka3 al sl

37

128

b) Find limits at infinity and limits that are infinite.

(9-22)

b) &g wie Cblgidls DG J) Jsd FI Cblgd! sl

(39-50)

106

22

Use numerical and graphical evidence to conjecture the

value of lmgx sin(1/x). Use the Squeeze Theorem to

prove thatrg;ou are correct: 1dent1fy the functions f and #,

show graphically that f(x) < x*sin(1/x) < h(x) and justify

lim £(x) = lim h(x).

| ' Conjecture: lim z?sin (1/z) = 0.

—>0

22 x”sin (1/x) Let f(z) = —z?, h(z) = z°.

—0.1 0.0054
—0.01 F % 10=5 Then f(x) <z Sln( ) < bz}
—0.001 | -8 x 10~ lim (—22) = 0, lim (22) =0

x—0 z—0
0.1 —0.005
0.01 5 % 10-5 Therefore, by the Squeeze Theorem,

x—0

9L bl g pal! s yuda
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a) Use the Squeeze Theorem to find limits. (29-32) 85
a) Cblgdl sl 5daddl &ylas aldseiul 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 06
b) LIEMWI wie Oblgdly DG J] J93 I wblgd! sl (39-50)

30. Why can’t you use the Squeeze Theorem as in exercise 29 to
prove thatlim x? sec (1/x) = 0? Explore thislimit graphically.

You cannot use the Squeeze Theorem as in ex-
ercise 29 because the secant function is not
bounded between -1 and 1 like the sine func-
tion is. This is difficult to investigate graph-
ically because of the infinitely many vertical
asymptotes as x approaches 0.

9L aladlt g st syt
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a) Use the Squeeze Theorem to find limits. (29-32) 85

6 [21ered sy saaid dyla) pluseil 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 06
b) I wie Cblgdly DI J) Jg5 @I ©blgdl sl (39-50)

31. Use the Squeeze Theorem to prove that l_ir{)1+[ Vxcos*(1/x)] =

0. Identify the functions f and h, show graphically that
flx) < \/J_C cos?(1/x) < h(x) for all x>0, and justify
lim f(x) =0and l‘irgl+ h(x) = 0.

x—0*t

Let f(x) =0, h(z) = /z. We see that 0.0
Flz) < CCCOSQ(l/CII) < h{z), |
lim 0=0, lim /x =0

r—0t x—0t
Therefore, by the Squeeze Theorem,
lim /z cos? () = 0.

z—0t =

-
L1 1 1 tp 1 1 1 | H)

Al jaol|
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a) Use the Squeeze Theorem to find limits. (29-32) 85
- a) Cblgdl sl 5daddl &ylas aldseiul 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 06
b) LI wie Cblgdly DI ] Jg35 I Cblgd! sl (39-50)
32. Suppose that f(x) is bounded: that is, there exists a constant

M such that |[f(x)| < M for all x. Use the Squeeze Theorem
to prove that lim w>fb)/= 0.

Saying that |f(z)| < M for all x is the same as
saying —M < f(x) < M for all z.

This implies that
—Mz? < 2%f(x) < Mz?.

Since +M2? — 0 as x — 0, the Squeeze The-

orem shows that lin}) z? f(z) = 0.
r—

9L bl g pal! s yuda
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a) Use the Squeeze Theorem to find limits. (29-32) 85

16 [2)Sue las Bt &)k pluski 37 128

b) Find limits at infinity and limits that are infinite. (9-22)
b) &SI wis blgls BN J) Ja3s I Sblgad sl (39-50)

106

3
37. Use the Squeeze Theorem to prove that 11 =i 0.
-0 x% +1

332

0 < 1
_:c2—|—1<
23

= —2|z| < — < 2|z|
%= 1
lim —2 |z| = 0; 11m2|$|—0

x—0

By the Squeeze Theorem,

213
li = 1L
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a) Use the Squeeze Theorem to find limits. (29-32) 85
- a) Cblgdl sl 5daddl &ykas aldseiwl 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 106
b) &Il wis Cblglls AN J) Ja3s I Sblgd slax (39-50)
In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —c0 or does not exist).
2 2
. X +3x-2 .o 2xr—x+1
9. lim * 10. lim i
x—o0 3x2 +4x —1 x—oo 4x2 —3x —1
) 2 + 31 — 2 ) 20° — g+ 1
lim lim
z—o0 312 +4x — 1 z—o0 412 — 3z — 1
22 (1432 - %) . 2z —xz+1 [1/x?
= llm L L = hm 2 2
$_>oox2(3_|_é_i2) g0 4x? —3x—1 \1/x
3~ 24 2—-1/z+1/z2 1
lim (14+2-2%) 4 = lim = .
__ T—00 — :c—>oo4—3/33—1/£13’2 2
lim (3 - m%) 3
B=F00

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits. (29-32) 85

g PSRN e Ealedcl a0 phiktel 37 128
b) Find limits at infinity and limits that are infinite. (9-22) i
b) LIEMWI wie OLlgly DIGWI J] U935 (I oblg! sl (39-50)

In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —co or does not exist).

: —X 2 _
11 lim ——— 12, lim —2=% —1
‘ V4 + x2 x—oo 4x3 — bx —1
—
lim , 212 — 1
a—r—oa y/4 4 37 lim = 0
i —x z—oo 43 — bx — 1
o ar;—l>r—noo 4
1
= lim
[ |

SN ol B ) Tyl

Justin Dsouza




a) Use the Squeeze Theorem to find limits. (29-32) 85
- a) CLlg slowY B aladdl &yl aluseiwl 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 106
b) &I wis Cblglls BN J) Jo3s I Sblgad dlany (39-50)
In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —c0 or does not exist).
2 . .
: x-+1 14. lim In(xsin
13. limIn ( ) lim In(xsinx)
X— 00 A
2 lim [In(zsinz)] = lim (Inz) = —o0
: r” +1 + +
im Inl =——™ x—0 x—0
T — 00 r—3

= lim |In (—
T—r 00 i

[ |

1
[ 1+ 5N
lem ln(i>

T—r0o0

= lim [lna;']
E—¥00

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits. (29-32) 85
a) Cblgdl sl 5daddl &ykas aldseiwl 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 106
b) &gl wis Cblgdls AN J) Jo 1 bl Sl (39-50)

In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —c0 or does not exist).

15. lim e~/ 16. lim ¢~C+D/*+2)
x—>0% X—00
. - ) |
hm+ e =z = lim — =0 g
— . —s—==
T—r 00

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits. (29-32) 85

6 [21ered by daall dyla) pluseil 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 06
b) &gl wis Sblgls AN J) Jo 1 bl Sl (39-50)

In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —co or does not exist).

% = )
B }g?o ol "% 18. lim sec™! 2 i L
X—00 x+1
lim cot™' 2 = 0. 241
v lim sec™? ( )
(Compare Example 5.8) We are looking for the T—*00 &+ 1
angle that 6 must approach as cotf goes to _ 2 72 (1 3 m%)
o0o. Look at the graph of cotf. To define the = lim sec 5 (1 1
ree z? (5 + z2)

inverse cotangent, you must pick one branch
of this graph, and the standard choice is the = lim Sec_l(af) = T
branch immediately to the right of the y-axis. 2
Then as cot 8 goes to co, the angle goes to 0.

SN ol B ) Tyl

Justin Dsouza




a) Use the Squeeze Theorem to find limits. (29-32) 85

4 a) Ciblgdi sl sakaldl 4yla alusiwl 37 128
b) Find limits at infinity and limits that are infinite. (9-22) -
b) RGN s Sblgls LG J) Js3 1 Sblgdl slaxy (39-50)

In exercises 5-22, determine each limit (answer as appropriate,
with a number, co, —co or does not exist).

19. l_in(}sin(e‘l/xz) 20. lim sin(tan™" x)
1
- lim (sin (e_ w_z)) = lim (sin(e” : : _ : :
T—r0F  Hm (sin(e)) lim sin(tan™!z) = lim (sinz) = 1.
r—+00 :1:—)%

8

= lim {sinz) =10,
lim (sin (e
rx—0—

) z—0+
= lim_ (sin(e"))
= lim (sinxz)=0
z—0t
and hence

= lim (sin (e

Y el )

e

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits.

(29-32)

85

a) bl sl 5l il dylas plusiul

37

128

16
b) Find limits at infinity and limits that are infinite.

(9-22)

106

b) LMW wis Sbigls LEMI J] J95s I blgd! slaw)

(39-50)

In exercises 5-22, determine each limit (answer as appropriate,

with a number, 0o, —oc0 or does not exist).

21. lim e "™
x—r/2

—tancx T

Iim e = lim e™
.I,‘—-)%_ T—r 00

= lim e* =0, but

Tr—r—0CQ

lim e 0% — Jim e %
$_>%+ T——00

= lim &* = o,
Tr—Cco

so the limit does not exist.

22. lim tan ' (Inx)

x—0*

lim tan~!(lnz) =
x—0T

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits.

(29-32)

85

a) gl sl 5l ddl d,ka) plusuiul

37

128

16

b) Find limits at infinity and limits that are infinite.

(9-22)

b) gVl s Cblgills DI Jf a3 I blgdd sl

(39-50)

106

In exercises 39-48, use graphical and numerical evidence to
conjecture a value for the indicated limit.

| 2
30] 1y [0l +2)
x—oo In(x% + 3x + 3)

2%
40. lim 22 +e7)
x—oo In(1 + &%)

2L
A1 iy ISR W/
x—o0 2x2 4+ X COS X

3 3
12 1im 2x° + 7x+ 1

x—»-c0 X3 — xsinx

When =z is large, the value of the fraction is

1

very close to .

When =z is large, the value of the fraction is
very close to 3.

When z is large, the value of the fraction is

1

very close to 3.

When z is large and negative, the value of the
fraction is very close to 2.

Sl B oy
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a) Use the Squeeze Theorem to find limits.

(29-32) 85
I L e d,la5 pldseiu] 37 128
b) Find limits at infinity and limits that are infinite. (9-22) 06

b) &SI wis blgls BN J) Ja3s I Sblgad sl (39-50)

In exercises 39-48, use graphical and numerical evidence to
conjecture a value for the indicated limit.

o
43. lim 24X +5 lim ZEEETS g
- ex/2 T — 00 er/2
: 3 4N
44. lim (¢° —x%) mlingo (e““”/ — %) = oo.
x _ et -1
45. lim &=2 im &~ — 1.
=0 X x—0 T
~In(2?
. Inx? hm L — —i%CY.
46. }(1_{1(} 2 r—0 2
47, lim xV/'ox lim 1/(nz) _ o~ 9 71828
T x50t x—0
. 1
48. lim x'/* lim z= =0

x—0+ x—0Tt

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits.

(29-32)

85

16 [B)Se Sl Bl S pluskid

37

128

b) Find limits at infinity and limits that are infinite.

(9-22)

b) &I wis Cblgills LGN J] Js3 I Cblgd slow]

(39-50)

106

In exercises 49 and 50, use graphical and numerical evidence to
conjecture the value of the limit. Then, verify your conjecture

by finding the limit exactly.

49. lim(V4x2 — 2x+ 1 — 2x) (Hint: Multiply and divide by the

X— 00

conjugate expression: V4x2 — 2x +1 + 2x and simplify.)

We multiply by
Var2 — 2x + 1+ 2x
Var?2 —2x + 1+ 2z

to get:
lim (V422 — 22 + 1 — 22)
Tr—r 00
| 9 +1 1/x
= lim :
z—00 \/4x2 —2x +1+ 2z 1/z
: —2+1/z
=3
z—o0 /4 —2/x +1/22 + 2
—2 1

SN ol B ) Tyl
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a) Use the Squeeze Theorem to find limits.

(29-32)

85

o |21 Sl Bl S pluskid

37

128

b) Find limits at infinity and limits that are infinite.

(9-22)

b) LlgNWI wis Sbigdls LIENWI J] J95s I Oblgd! sl

(39-50)

106

In exercises 49 and 50, use graphical and numerical evidence to
conjecture the value of the limit. Then, verify your conjecture

by finding the limit exactly.

50. lim(\/Sx2 +Ax+7 — V52 +x+ 3) (See the hint for exercise 49.)

X— 00

lim (/522 + 4z + 7 — /522 4+ = + 3)

T—r 00

If we multiply by
V5x2 + 4z + 7+ Vbr? +x + 3

V2 + 4z +7+Vbx2 +x+ 3’
we get

(522 +4x +7) — (52° + x + 3)

lim
r—*oox/5$2—|—4a:—l—7?;i—\/54:v2—l—m+3)
T+
= lim
200 \/5z2 + 4z + T+ V5x2 +x + 3
a 3+ 2
= lim
SRRy R A R
3 3v5

2\/5: 10
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Question 17

a) Find the derivative of a function at a given point
b) Sketch the graph of a function using the graph
of its derivative.

/\l Page 145 & 151
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a) Find the derivative of a function at a given point. Example2.2

145

17

a) b dais wis AW ddrdell Sl (1-12)

b) Sketch the graph of a function using the graph of its derivative.

151

b) gikiiue) Bl kel e I5lais) A1 soxie @usy ]
Example 2.2 Finding the Derivative at an Unspecified Point
Find the derivative of f(x) = 3x> + 2x — 1 at an unspecified value of x. Then,
evaluate the derivativeatx =1, x =2 and x = 3.
Solution: f(x + h) —f(x)
/ - l
f (X) hl—I;% h
. [S(x +hP +2(x+h) - 1] A(3F2x — 1)
= lim
h—0 h
S 3(x° +3x%h + 3xh* + %) + (2x+2h) =1 =3x°> —=2x+1  yulsiply out
B h—0 h and cancel.
. 9x%h + 9xh® + 3h> + 2h oyl
= llm common h
h—=0 h and cancel.
= ’lin(l) (9x* + 9xh + 3h% + 2)
1—>

=92 +0+0+2=9x>+2.

Notice that in this case, we have derived a new function, f'(x) = 9x? + 2. Simply
substituting in for x, we get f'(1) = 9+2 =11
f(2) =9(4)+2 =38 and f'(3) = 9(9) + 2 = 83.

CLUL) 1 .f_;__\[
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a) Find the derivative of a function at a given point. Example2.2

145

o [2)l B we B Azl sl (1-12)

b) Sketch the graph of a function using the graph of its derivative.
b) Wgididua) 3Ll Sl (e Iolaie] A1) oxie s

(13-18)

151

In exercises 1-4, compute f’(a) using the limits (2.1) and (2.2).
1. f(x) =3x+1,a=1

Using (2.1): USln%(?(jE)f(l)
(1) = 1 SAER) = Q) lim

b—1 b—1

h—0 h
1 — 1
C 3(14h)+1—(4) bk Gk
= lim b—1 b—1
h—0 h
e 3h_. B - 3b—-3
= N = lim =
3(b —
= lim (b 1)
b—1 b—l
= Hf 3 =3
b—1

SN ol B ) Tyl
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a) Find the derivative of a function at a given point. Example2.2 145
= a) b dhaii wie I ddrdeall Slow) (1-12)
b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) idiiue) Bl detaidl e I5lasie! AN Goxie ousy
In exercises 1-4, compute f’(a) using the limits (2.1) and (2.2).
2. fx) =3x*+1,a=1
Using (2.1): Using (2.2): @) — (1
T f(L+h)—f(1) (1 :hmfx_fl
f(l)_llzli% h f() z—1 r—1
241 3z +1)—4
i 30+R) 14 iy 8271
h—0 h z—1 r —1
2 ole— 1 |
i 6h+ 3R _ i S@ 1)@+ 1)
h—0 h T—1 z—1
— lim 6 + 3h = 6 =lim3(x+1)=6
h—0 z—1

SN ol B ) Tyl
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a) Find the derivative of a function at a given point. Example2.2 145
a) b dadl wie AW daidoell S| (1-12)

b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) Wdiia) Ll Jukadll e Islazel DI Goxie sy

In exercises 1-4, compute f’(a) using the limits (2.1) and (2.2).

3. fx)=vV3x+1a=1

Using (2.1): Since

f(L+h) = £(1)
h
/31 +h)+1-2

N h
 VA¥3h-2 VI+3h+2

h " VA+3h+2
4+ 3h —4 3h

h(\/4; 3h +2) h(\3/4 ¥ 3k + 2)

- V4 + 3h + 2 - V4d+3h+2’

we have FL4h) — F(1)
+ s
/ -
FO=3"
= lim -
© h50 44+ 3h+2

3 3
/4 +300)+2 4

Using (2.2): Since
f(b) — f(1)
b—1
w3011 -—2
- b-1
_ (V3b+1—-2)(v/3b+1+2)
(b—-1)(v/3b+1+2)

(3b+1)—4
(b—1)v3b+1+2
B 3(b—1) B 3
b—1)v3b+1+2 3b+1+2
we have

3 ) ol

= lim
b—1+/3b+1+4 2 G391 el gyl By
B 3 B 3 Justin Dsouza
Vi+2 4




a) Find the derivative of a function at a given point. Example2.2

145

[Pl e e A Azl s (1-12)
b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) Wriited 3Ll el e Ioleze) DI Goeie oy
In exercises 1-4, compute f’(a) using the limits (2.1) and (2.2).
5
4, = , 1 =
f) x+1 !
Using (2.1): Using (2.2): 0
f (2) = lim r—2 Tr— 9
h—0 h
3
3 B _j
—. iy TR 1 — lim ZH
o h1—>H]O h r—2 T — 2
3 3+h 3 __ztl
_ Jimy FHE 3R — Jim ZH1 =41
h—0 h z—2 T — 2
—h —(z—2)
= lim s . — lim z+1
h—0 h x—2 1T — 2 4
—1 1 =1 1 11l Byl
== hm — e i - 11m ! e Justin Dsouza




a) Find the derivative of a function at a given point. Example2.2 145
ia a) b dlad wie AW ddiduell slow) (1-12)
b) S'f_tfh th.e grap? ?f a funct.ion-using.tl'l.e graph of its derivative. (13-18) 151
b) idiiue) Bl detaidl e I5lase! DI Goxie ousy
In exercises 5-12, compute the derivative function f’ using (2.1) or (2.2).
5. f(x) =3x* +1 6. f(x) =x>—2x+1
_ fl@+h) - @) oy f@th) = f(@)
) h ) =i, h
3@+ h) + 1 (3()° + 1) (et R —2@+h)+1— f(z)
= lIm = lim
ho0 h , , h—0 h
_ i 327 +6sh+3h% +1— (327 + 1)  ozh4h2—2h
h—0 h = }Llff}) h
_ 6zh + 3h? h(2z + h — 2)
— lim (62 + 3h) = 6z h—0 h
h—0

SN ol B ) Tyl
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17

a) Find the derivative of a function at a given point.

Example2.2

145

a) b dads wie AW Aizdell sl

(1-12)

b) Sketch the graph of a function using the graph of its derivative.

b) Wikidua) Gl Jkaidl e 1kaze] DI Goxie ouvy

(13-18)

151

In exercises 5-12, compute the derivative function f’ using (2.1) or (2.2).

7. fx)=x+2x—1

f(b) — f(z)

lim
b—x b—x

b +20—1— (23 + 22— 1)
= lim

b—x b—zx

. (b—xz) (b + br + 2* + 2)
= lim

b—x b—CC
— lim b + bz + 2%+ 2

b—x
— 32 + 2

8. f(x) =x*—-2x*+1

(z+h)*—2(z+h)*>+1—f(z)

= lim
h—0

h

— lim [4333 + 6x%h + 4zh? + h3 — 4x — Qh]

h—0
— 423 — 4z

SN ol B ) Tyl
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a) Find the derivative of a function at a given point. Example2.2

145

a) b dadl wie AW daidoell S| (1-12)
= b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) i) 3l Jekoidl e 15keze] DI Goxie oo
In exercises 5-12, compute the derivative function f’ using (2.1) or (2.2).
% 2
; — 10. =
o i x+1 fx) 2x — 1
b) — . Jeth)—filz
i 1010 o) - o 1D =100
b—ax b—x b~
B — oo TR — T
= lim 2L =1 = im 2EFW-L 2o
b—x b—x h—0 h
3(z+1)—3(b+1) 2(22¢—1)—2(2z+2h—1)
_ llm (b—}—l)(;c+1) - hm (2:c+2h—1)(2:1:—1)
b—x b—x h—0 h
— — —4h
_ T 3(b — ) _ iy ZE2h-1)(Ee—D)
b=z (b+ 1)(x+ 1)(b— x) 70 h
’ ~3 1 »
= 1111 — )
b=z (b+1)(z + 1) h=0 (22 + 2h — 1)(2 — 1) o
—t _4 91 el B a1

(z +1) (2 —1)2
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a) Find the derivative of a function at a given point. Example2.2

145

i a) b dadl wie AW daidoell S| (1-12)

b) Sketch the graph of a function using the graph of its derivative.

151

b) gikidue) Bl Jetaill s Iolais) NI soxie ousy il
In exercises 5-12, compute the derivative function f’ using (2.1) or (2.2).
11. () = /3t +1 12. f(H) = V2t +4
. f(b) = ()
/ o _
o= G o= TO= 1
:ll)jm ~3b+(b_tv)3t+1 lim vV2b+4 — /2t +4
—t — e
b—t (b — t)
Multiplying by o+ 1+veitl gives Miliplsine by v2b+4+ V2t +4 e
vV3b+1++/3t+1 /2b+ 4+ /2t + 4
. -1 V—{3 4 1) PR (2b+4) — (2t +4)
() = 1 ( f(£) = lim
)= (b—1t) (V3b+1+V3t+1) b=t (b= 1) (V2b+ 4+ /2t +4)
3 3(b—1) _ lim 2(b—t)
Tt (b—t) (V3b L 14+ V31 1) b=t (b—1t) (V2b+ 4+ /2t +4)
2
_ 1 3 = lim —— — Fans
N I];I—IE% \ 3b ‘I‘ ]. "I‘ \/ 3t + 1 bt 2b + 4 —I_ 2t + 4 Soalil | alaild A g al| Auyube
2 1 ———r
3

BENCES T 22t+4  2i+4
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a) Find the derivative of a function at a given point. Example2.2 145
i a) b dadl wie AW daidoell S| (1-12)
b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) rdniee) Sl Jukadl e 15keze! DI Gorie gy
In exercises 13-16, use the graph of f to sketch a graph of f’.
13. (a) Y (b) y
A A
/ / >
>
(a) The derivative should look like: (b) The derivative should look like:
W 5.0
8 i
6] ]
. 25
2] i
T T T 1T T T T 1T P T 1T T T T 1 T T 71 ,,,,,I,,,,c,_,.,,,
10 -8 -8 -4 -2 2 4 6 8 10 B o 8 B -3 &m/ : a
i i Lais)ae
_6: —2.5—
] N S makalld g pal! dyule
& i
] ] Justin Dsouza
-10— -5.0 |




a) Find the derivative of a function at a given point. Example2.2 145
i a) b dadl wie AW daidoell S| (1-12)
b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) Wgikndua) bl Jekaid] e 15kzs] DIWI Goxie pusy
In exercises 13-16, use the graph of f to sketch a graph of f’.
14. (a Y b Y
@) y (b) A
» X
»
(a) The derivative should look like: (b) The derivative should look like:
5— ]
4: 4 —
3: 3—
2— 2—
1 1 1
L L L L B L L L L Tt prpry
-5 -4 -3 -2 {1 O\ 1 2 3 4 5 =0 T =5 S SN ¥ a2
) x _ Al jaoll
— s e
% L 3301 el Byl sy
—3— =3
_ ] Justin Dsouza
—— —4— -
| -5—




a) Find the derivative of a function at a given point. Example2.2 145

[Pl e s A Al o (1-12)

b) Sketch the graph of a function using the graph of its derivative. (13-18) 151
b) lgidniia) Judl Jukaidl e I3lazel DI Goein oy

In exercises 13-16, use the graph of f to sketch a graph of f’.
15. (a) Yy (b) Y
A

» v
" B

(b) The derivative should look like:

(a) The derivative should look like: 5
-
o

-t

el

[T ||||IIIC'IIIII|||| | =5 -4 -3
-3 -2 -1 1 2 3 X

114

Al

L jaol|
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a) Find the derivative of a function at a given point. Example2.2 145
a) b dadl wie AW daidoell S| (1-12)
b) Sketch the graph of a function using the graph of its derivative. (13-18) 151

b) ki) Jldl Jeadll e Islae) DI Gonie @usy

In exercises 13-16, use the graph of f to sketch a graph of f’.

16. (a) Y

A

(a) The derivative should look like:

(b)

(b) The derivative should look like:

>

.

\b X

4.0—

3.2

2.4—

-4.0-

Al

L jaol|
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a) Find the derivative of a function at a given point.

Example2.2

145

o a) b dhdi wie AW daidell sl

(1-12)

b) Sketch the graph of a function using the graph of its derivative.

(13-18)

b) ikida) 3Ll Jekatl] e Iolaie] DI Gonin gusy

151

In exercises 17 and 18, use the given graph of f’ to sketch a

plausible graph of a continuous function f.

17. (a) %

N

(a) The function should look like:

L L L IO N 4 [ T
10 -8/ -6 -4 -2 B =2 a4\ e

(b) 2

> v
/ —

(b) The derivative should look like:

10
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a) Find the derivative of a function at a given point. Example2.2 145

a) b dadl wie AW daidoell S| (1-12)

17
b) Sketch the graph of a function using the graph of its derivative. 151

(13-18)
b) ikida) 3Ll Jekatl] e Iolaie] DI Gonin gusy

In exercises 17 and 18, use the given graph of f’ to sketch a
plausible graph of a continuous function f.

(b) y

18. (a) Y
\/_>$
(b) The derivative should look like:
25—
18. (a) The function should look like: -
10— 205
- =
- 15
6 -
_ y =l
4i 10
a 5
| INRNLEN LU L I I AL B 4 LI L IV I D B I I
-10 -8 -6 - -2 2 a4 6 8 10 7
N o = Adiu jaoll
= L LA L L L L L L L 41l Lo)
y 5 -5.0 -2.5 e:}o 25 5);0 7.5 10.0 4T el gt e
—6— =
_ S Justin Dsouza
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Solve real-life problems using derivatives of
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- Solve real-life problems using derivatives of exponential and logarithmic functions. Example 7.5 192
dasdall dnais)le gy Al gl OlERdw plusuiwl AL Jlus Jo> (37,38) 194
Example 7.5 Analyzing the Concentration of a Chemical
The concentration c of a certain chemical after ¢ seconds of an autocatalytic reaction ¢
A
is given by c(t) = . 210? ey Show that ¢’(f) > 0 and use this information to 104
=
determine that the concentration of the chemical never exceeds 10. ol
Solution: gl = 10(93‘20’ L l)‘1 )
c(t) = =109~ + 1)—2%(95:‘20' 45 il
= —10(9¢2% + 1)72(—180¢~2%) 27
= 1800e2%(9¢7%" + 1)~ 02 04 06 08 10

—20t
_ _1800e > 0.

(9e—20F + 1)2

Since all of the tangent lines have positive slope, the graph of y = c(f) rises from left
to right, as shown in Figure 3.38.

Since the concentration increases for all time, the concentration is always less
than the limiting value tlim c(t), which is easily computed to be
— 00

: 10 10
lim = —— =10.
o0 9200 11 0+1

FIGURE 3.38

Chemical concentration

N

Sashhod)
S93ED1 ealail) g sl s yude
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18

Solve real-life problems using derivatives of exponential and logarithmic functions.

Example 7.5

192

duasdall drais)le gllg At JIgl Cliiiee plusiuwl ddba Bl Jo>

(37,38)

194

37. The concentration of a certain chemical after t seconds of

6
an autocatalytic reaction is given by c¢(t) = . Show
Y & y et 2e78 +1
that ¢’(f) > 0 and use this information to determine that the

concentration of the chemical never exceeds 6.

6 B —1;
il = e 811 6(26 8t 1)
d(t) = —6(2e8 +1) ", (—16e~%)
~ 96e®
(2e—8t + 1)

Since e~ %t > 0 for any ¢ both numerator and

denominator are positive,so that ¢’ (t) > 0.
Then, since c(t) is an increasing function
with a limiting value of 6 (as t goes to infin-
ity) the concentration never exceeds (indeed,
never reaches) the value of 6.

L1y jaol|
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18

Solve real-life problems using derivatives of exponential and logarithmic functions.

Example 7.5

192

duasdall drais)le gllg At JIgl Cliiiee plusiuwl ddba Bl Jo>

(37,38)

194

38.

The concentration of a certain chemical after f seconds of

. L. 10
an autocatalvtic reaction is given by c(t) = . Show
y &l y ctt) Qe—10t 4 2
that ¢’(f) > 0 and use this information to determine that the

concentration of the chemical never exceeds 5.

d (t) = —10(9e™1% 4+ 2) 7 (—90e~1%%)

900e 10t
(9e—10t 4 2)*
Since e > 0 for all ¢, ¢/ (t) > 0 for all ¢,

and c(t) is increasing for all t. This forces,
¢clt] < lim e{f) =5

t— o0

Al jaoll
9L bl g pal! s yuda
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19

Find derivatives implicitly.

Example 8.2

198

Avasall SBMall Cildiduel! dlox)

(1-16)

204

(13,14)

222

Example 8.2

Finding a Tangent Line by Implicit Differentiation

Find / (x) for x*y? — 2x = 4 — 4y. Then, find an equation of the tangent line at the point (2, —2).

Solution:

Differentiating both sides with respect to x, we get

d, > » d
— = 2x) = —(4 — 4y).
dx( J %) dx( y)

Since the first term is the product of x> and y?, we must use the product rule. We get

2xy? + X2 2y)y' (x) =2 = 0 — 4/ (x).

Grouping the terms with y/(x) on one side, we get

2x%y + 4y (x) = 2 — 2x1/?
Y Y Y
3 2—2xy2
S22y +4

v (x)

FIGURE 3.41
Tangent line at (2, —2)

iy jJaol|

9L bl g pal! s yuda
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Find derivatives implicitly. Example 8.2 198

19 | ] (1-16) 204
duiasall OBl Oildiduell dlxy)

(13,14) 222

Example 8.2 Finding a Tangent Line by Implicit Differentiation

Find / (x) for x*y? — 2x = 4 — 4y. Then, find an equation of the tangent line at the point (2, —2).
Solution (Continued):

Substituting x = 2 and y = =2, we get the slope of the tangent line,

LT -3

/ - —r—
y@ =21 %

Finally, an equation of the tangent line is given by

7
y+2=—-(x-—2).
Y 6( ) FIGURE 3.41

Tangent line at (2, —2)

We have plotted the curve and the tangent line at (2, —2) in Figure 3.41 using the
implicit plot mode of our computer algebra system.

9L bl g pal! s yuda
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Find derivatives implicitly.

Example 8.2

198

19
Al SBMal Oildiiwell Sl

(1-16)

204

(13,14)

222

In exercises 1-4, compute the slope of the tangent line at the
given point both explicitly (first solve for y as a function of x) and implicitly.

1. x> +4y>=8at(2,1)

Explicitly:
4y? = 8 — 1?

Implicitly:
d 6, 5 d
—(x* +4y°) = —(8
(% + 4y%) = 7 (8)
2r +8y -y =0
, W &
y = —_—_— = ——

8y 4y

7.
% P = =

SN ol B ) Tyl

Justin Dsouza
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Find derivatives implicitly. Example 8.2 198
. = (1-16) 204
Adasall OBMNal) Oldidiall dlox)

(13,14) 222

In exercises 1-4, compute the slope of the tangent line at the
given point both explicitly (first solve for y as a function of x) and implicitly.

2. Xy —4y/x=x*yat (2 V?2)

Explicitly:
4/
_ Rl —
, (23 — 2?) % — 4/z (322 — 2z)
. (@3 — 22)?

Implicitly differentiating:
2
322y + 23y’ — —= = 2zy + %Y/,

Nz

And we solve for 3’ to get
2zy + % — 3%y

r_

¥y = =B o2

Substitute x = 2 into the first expression,
and (z, y) = (2, \/5), into the second to

,_ V2

SN ol B ) Tyl
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Find derivatives implicitly.

Example 8.2

198

19
Al SBMal Oildiiwell Sl

(1-16)

204

(13,14)

222

In exercises 1-4, compute the slope of the tangent line at the
given point both explicitly (first solve for y as a function of x) and implicitly.

3. y—3x*y =cosxat(0,1)

Explicitly:

y(1 — 32%) = cosx
COS I
'y —

1 — 322

(1 — 322)(—sinz) — cos z(—6x)

y () =

(1 — 3z2)°

—sinz + 322sinz + 6z cos

(1 — 3z2)°
y'(0) = 0.

Implicitly:

d
— —— 2 e —
/ (y — 3z%y) = (cos x)

y' — 32%y — 6y = —sinzx

y'(1 — 32°) = 6zy —sinz
,  bzy—sinx

8 1 — 3x?

At (0,1) : ¥ = 0(again)

SN ol B ) Tyl
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Find derivatives implicitly.

Example 8.2

198

Al SBMal Oildiiwell Sl

(1-16)

204

(13,14)

222

In exercises 1-4, compute the slope of the tangent line at the
given point both explicitly (first solve for y as a function of x) and implicitly.

4. y*+2xy+4 =0at (-2, 2)

Explicitly:

y=—x++\Vx?—4

At the point (—2,2), the sign is irrelevant,

so we choose

y=—-x+\Vzr’—-4
2%

y'=-1+

2vVx?2 —4

Implicitly differentiating:
y' + 2y + 2zy =0,
and we solve for v/ :

y/ _ —2y
2z + 2y
Substitute x = —2 in the first expression and

(z,y) = (—2,2) in to the second expression
to see that v’ is undefined. There is a vertical

tangent at this point.

9L aladlt g st syt
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Find derivatives implicitly.

Example 8.2

198

diagall OBMall Olizdell sl

(1-16)

204

(13,14)

222

In exercises 5-16, find the derivative y’(x) implicitly.

5. x*y* + 3y = 4x

- dx

2xy? + x%2yy’ + 3y =4
v (22°y + 3) = 4 — 2zy°

/

d
(x%y* + 3y) =

4 — 2zy?
222y + 3

6. 3xy° — 4x = 101>
3y° + 3z(3y?)y’ — 4 = 20yy’

(9zy® — 20y)y’ = 4 — 3y°
3y — 4

- 20y — 9xy?

9L aladlt g st syt
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Find derivatives implicitly.

Example 8.2

198

19
Aaall BYNal Oildidwell Sl

(1-16)

204

(13,14)

222

In exercises 5-16, find the derivative y'(x) implicitly.

7. /Xy — 4y? =12

d d
V=) = 09

d
Q\ﬁ dm( y)—8y-y =0

r
Qr(fﬂy +y)—8y-y' =0

(:vy+y)—16y y\/_=0
(I—lﬁy\/_)

YT - 16y\/_) 16y\/_ —

8. sinxy =x*—-3

cos(zy)(y + zy') = 2z
2x — y cos(xy)

R
B x cos(xy)
X+ 3

Yy

T+ 3 =4zy+9y°

= 4x + y°

L= —(dey +y ) =4(zy +y) + 3y°Y

9L bl g pal! s yuda
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Find derivatives implicitly.

Example 8.2

198

19

(1-16)

204

Avasall SBMall Cildiduel! dlox)

(13,14)

222

In exercises 5-16, find the derivative y’(x) implicitly.
10. 3x+1° — i = 10x? 11. &Y — e = x
X+ 2

Diffrentiating with respect to z, di(e‘”Qy —e¥)) = di(a:)
d 3 4y . d 5 o d >
E(SaH—y xz42 _E(lom ) e$2yd—(e$2y)—eyy':1
By the Chain rule and Product rule, i S 5 3 g
, e" Y2xy+x°y') — vy =1
2,/ ($+2)4y_4y _ 1 2 2y y P
3+ 3y°y — (21 2) = 20z ylz“e' ¥ —&¥) =1—2xye™ ¥
2
1 — 2zye®
3(z +2)% + 3y%y/ (z + 2)° g = =S

—4y' (x4 2) + 4y = 20z(z + 2)°
3y%y (z+2)° — 4y (z + 2)

12. xe¥ —3ysinx =1
= 20z(z +2)° — 3(z + 2)* — 4y

 (x2e%%Y — e¥)

eV + ze¥y — 3y’ sinx — 3ycosz =0

y' (z +2) [3y* (x +2) — 4] , 3ycosx — e¥

= (z+2)° (20z — 3) — 4y & =

,  (z+2)% (202 — 3) — 4y
(x4 2)[3y2 (z+2) — 4]

xe¥Y — 3sinzx

CLUL) 1 .f_;__\[

9L bl g pal! s yuda
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Find derivatives implicitly.

Example 8.2

198

19
Avasall SBMall Cildiduel! dlox)

(1-16)

204

(13,14)

222

In exercises 5-16, find the derivative y’(x) implicitly.

13. y*y\/x+y—4x* =y

Diffrentiating with respect to =,
d

d
— (Ve ty—42°) = —(y)
By the Chain rule and Product rule,

% (v*Vz +y) — 4% (77 = % (y)

T o

v+ vy + Ay (x+y) — 16z +y =2y Vr+y

vy +4yy(w+y) -2V +y =16z +y—
v/ [yQ +4y(z + y) — 2/x + y] = 16xv/x + y —
2

off — 16xv/z + 1y —
v +4y(x+y) — 2/ +y

9L bl g pal! s yuda
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Find derivatives implicitly. Example 8.2 198

19 | ] (1-16) 204
Adasall OBl Oildidell Sl

(13,14) 222
In exercises 5-16, find the derivative y’(x) implicitly.
14. xcos(x+y) —y* =8 15. e* —In(y* + 3) = 2x
Dciiffrentiating with respect lsio &, & _In (y2 s 3) — Dp
— (:1: cos (z + 1) — yQ) = (8) Diffrentiating with respect to =,
5 T d
By the Chain rule and Product rule, di (e* —In(y* +3)) = = (2x)
o4 iy
L (xcos(z+y)) — @ (yz) = L] (8) By the Chain rule and Product rule,
dx . dx dx d ;4 d R d
cos(zx+y)—zsin(z+y)(1+9y)—2yy’ =0 — (e y) — — (ln (y —I—S)) = —{ =%}
; . / dx dx dx
cos(x+y)—xsin(x+y) —zxsin(x+y)y .
— Ot =1 W (4y)) — =2
vy eV 4Y) - 23

/ 2 _
y (—zxsin (z + y) — 2y) 42y (y2 e 3) vy —2yy’ =2 (y2 T 3)

" (4e* (y* +3) = 2y) =2 (y* + 3
, xsin(z +y) — cos(z + y) y' (4e™ (y” +3) — 2y) (v +3)
= —xsin (x +y) — 2 / 2(y2+3)
y y y = 4 A, duwjaoll
, _cos(z+y)—zsin(z +y) 4ety (y2 +3) — 2y L
B = xsin (x +y) + 2y Justin Dsouza

= xsin (x +y) — cos (x + y)
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Find derivatives implicitly.

Example 8.2

198

Avasall SBMall Cildiduel! dlox)

(1-16)

204

(13,14)

222

In exercises 5-16, find the derivative y’(x) implicitly.

16. ey -3y +2=x2+1

Diffrentiating with respect o2,

i(ey V2 +2) = - (flj +1)

dx
By the Chain rule and Produt rule,

i G zy)_si (ViFT2) =2

dx d:l:

= (2x)y + € y 3 2yy’ = Au
i 2\/y? + 2
3 /
2xye” —|—e y — L = 2%

\/y + 2
2xye” \/y2 +2+e” i \/y? +2 - 3yy’
=2z y? + 2

Y (63”2\/3/2 —|—2—3y) = 2zv/y?% + 2
—2zye” \/y? + 2

; 2:1:\/3;24—2(1—1/6“’2)

v e**\/y? +2 — 3y

9L aladlt g st syt
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Find derivatives implicitly.

Example 8.2

198

Aaall BYNal Oildidwell Sl

(1-16)

204

(13,14)

222

In exercises 9-14, find an equation of the tangent line.

13. y—x*y*=x—-1at(1,1)

Find the slope to y — z%y? =z — 1 at (1,1).

d d

el Ul z’y?) = oz —1)
y — 2xy? — 222y -y =1

y (1 — 2%2y) = 1 + 2zy°

, 1+ 211>
% 24y
At (1,1):

,  1+2(1)(1)* 3
YT 12 -1
The equation of the tangent line is
y—1=-3(x—1) ory=—-3x+4.

-3

SN ol B ) Tyl
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Find derivatives implicitly.

Example 8.2

198

Adasall OBl Oldiieell Sl

(1-16)

204

(13,14)

222

In exercises 9-14, find an equation of the tangent line.
14.

y?>+xe¥ = 4 —x at (2,0)

Implicitly differentiating:
2uy’ + e¥ + xeYy’ = —1, and
o —ill—pgs
Yy = 9 :
Yy + xey
At (2,0) the slope is —1, and the equation
of the tangent line is y = —(z — 2).

SN ol B ) Tyl
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Understand the Mean Value Theorem and use it in applications.

Example 10.3

217

= Olidaill § galsuiuly dlawgial] dasdll &ya5 Js Byl

(43-46)

220

(83,84)

223

Example 10.3 An Illustration of the Mean Value Theorem

3

2

Find a value of c satisfying the conclusion of the Mean Value Theorem for f(x) =x° —x“—x+1 on the interval [0, 2].

Solution:

Notice that f is continuous on [0, 2] and differentiable on (0, 2). The
Mean Value Theorem then says that there is a number c in (0, 2) for which
2) —f(0 _
f’(C)=f(2)_f(;( ) A ;—(1) A
fllo=3c2-2c-1=1
3¢ —2c-2=0.
1+ \ﬁ

1.
To find this number ¢, we set

From the quadratic formula, we get c = . In this case, only one of these,

1+7

C =

the secant line joining the endpoints of the portion of the curve on the interval

1+47

3

2] and the tangent line at x =

, is in the interval (0, 2). In Figure 3.53, we show the graphs of y = f(x),

[0,

FIGURE 3.53

Mean Value Theorem

Aol

SoI01 palalld g palf ke
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Understand the Mean Value Theorem and use it in applications.

Example 10.3

217

Oliadan)] (§ galsiunly Alawgiall dasdl] doylas s Byl

(43-46)

220

(83,84)

223

In exercises 43-46, explain why it is not valid to use the Mean
Value Theorem. When the hypotheses are not true, the theorem
does not tell you anything about the truth of the conclusion.
In three of the four cases, show that there is no value of c that
makes the conclusion of the theorem true. In the fourth case,

find the value of c.

43. f(x) = % EY, | f'(c) =

;ET)) _ 11/ f(iri)[:l’_ll]' a,nwde ﬁ?’il)ly_sieli;};? the equation would be —1/¢? = 1 or ¢? =

If we try to find the ¢ in the interval (—1, 1)
for which

f1) - f(1)

1 sl

1 - (=1

T =)

=1,

2

—1. There is of course no such ¢, and the ex-
planation is that the function is not defined

for x = 0 € (=1, 1) and so the function is
not continuous.
The hypotheses for the Mean Value Theorem
are not fulfilled.

Justin Dsouza




Understand the Mean Value Theorem and use it in applications.

Example 10.3

217

20
Oliadaz)| (3 \galdsuiuwlg Alaw gioll dasdll D515 e 3yl

(43-46)

220

(83,84)

223

In exercises 43-46, explain why it is not valid to use the Mean
Value Theorem. When the hypotheses are not true, the theorem
does not tell you anything about the truth of the conclusion.
In three of the four cases, show that there is no value of ¢ that
makes the conclusion of the theorem true. In the fourth case,
find the value of c.

44. f(x) = L [~1,2]
o xz

f(x) is not continuous on [—1, 2], and not
differentiable on (—1, 2). Can we find

f@Q-f-1) _3-1_ 1,

d —_ — —
fi(z) = —33 = when z = 2. This is not
x 4

in (—1, 2), so no ¢ makes the conclusion of
Mean Value Theorem true.

SN ol B ) Tyl
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Understand the Mean Value Theorem and use it in applications.

Example 10.3 217

20

Olddazll § lgaldsuiulg Alaw giall dasdll Dyka5 e 3yl

(43-26) 220

(83,84) 223

In exercises 43-46, explain why it is not valid to use the Mean
Value Theorem. When the hypotheses are not true, the theorem
does not tell you anything about the truth of the conclusion.
In three of the four cases, show that there is no value of ¢ that
makes the conclusion of the theorem true. In the fourth case,

find the value of c.
45. f(x) =tanx, [0, 7]

f(z) = tanz on [0, 7], f'(z) = sec’z. We
know the tangent has a massive discontinu-
ity at x = m/2, so as in #44, we should not
be surprised if the Mean Value Theorem does
not apply. As applied to the interval [0, 7]
it would say

f(m) — f(0)
m—0

B tanm™ — tan( _0
N m—0 -

But secant = 1/cosine is never 0 in the in-
terval (—1, 1), so no such c exists.

sec’c = f'(c) =

SN ol B ) Tyl
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Understand the Mean Value Theorem and use it in applications.

Example 10.3

217

Olddazll § lgaldsuiulg Alaw giall dasdll Dyka5 e 3yl
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In exercises 43-46, explain why it is not valid to use the Mean
Value Theorem. When the hypotheses are not true, the theorem
does not tell you anything about the truth of the conclusion.
In three of the four cases, show that there is no value of ¢ that
makes the conclusion of the theorem true. In the fourth case,

find the value of c.

46.

f(x) = x1/3/ [_1/ l]

f(x) is not differentiable on (—1, 1). Can we

find ¢ with fiz) =

These are both in (—1, 1), so we can use ei-
ther of these as ¢ to make the conclusion of
Mean Value Theorem true.

fO-f) _1-(=D .,

file) === —1) 5

= 1 when £ =

£(3)"

3
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In exercises 83 and 84, find a value of c as guaranteed by the Mean Value Theorem.

83.

84.

f(x) = x> — 2x on the interval [0, 2]

f(2)=0=f2(0) P
then 2¢ —2 = f'(¢c) =0so c=1.

f(x) = x> — x on the interval [0, 2]

f(x) is continuous on |0, 2| and differentiable

on (0,2), so the Mean Value Theorem ap-

plies. We (ntied tc() f)ind ¢ so that
, £(2) = f(0)  6—0

Mo="%"0 =3=0=3%

f'(x) = 322 —1 = 3 when z = 1/4/3, so

c = 2v/3/3.
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