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27 L5.1  Antiderivative
7T T

a) F(x) =x3+3
b) F(x) =x3+7
¢) F(x) = x3 =25

Find the antiderivative of f(x) = 3x2

1. Find the derivative of each function.

T

Ll %

(==

— Theorem 1.1

for some constant c.

Suppose that F and G are both antiderivatives of f on an interval I . Then,
G(x) = F(x) #°c,

4 Definition 1.1

Let F be any antiderivative of f on an interval I . The indefinite integral of
f (x) (with respect to x) on I , is defined by

ff(x)dx =F(x)+c

\_-Where c is an arbitrary constant (the constant of integration).

™

A
The process of computing an integral 1s called integration. Here, f(x)
is called the integrand and the term dx identifies x as the variable of
integration.
Evaluate:
2. < 1
f 3x? dx f t> dx
<‘-‘.:‘r‘
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(¥ n" " 4 Wi
e"v‘:& — Theorem 1.2 (Power Rule) 'ﬁs
X

For any rational power n # —1,

x T
fx"'dx= +c
n+1

Here, if n < —1, the interval I on which this 1s defined can be any interval
that does not include x = 0.

By using Power rule Evaluate:

1
4. fxgdx 8. f—dx
xS

6. f\/;dx 7. -[3 xz dx

— [mJPJoJRITJAIN]AIT] )

n+1
fx"dx = +c¢ for n# —1 (power rule)
n+1
fsinxdx=—cosx+c fcosxdxzsinx+c
fseczxdx=tanx+c fcsczxdx=—cotx+c
fsecxtanxdx=secx+c fcscxcotxdx=—cscx+c
fexdx=ex+c fe‘xdx=—e_x+c
f Ly 1 f L v =sin—?
x=tan "x+cC ———dx =SIn x+c¢
=g V1 — x2
f L 4 1y 4 f L dx = Injx| +
x=sec *x+c —dx = In|x| + ¢
y |x|V1 — x? x ¢
L2\ . J y=
o e
Wy !
$:“- '(,J:
j’?ﬂ&;‘ s Page 107 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0503050917 e
Fes Yo L



’ﬁzs 3 piln Ll Sas JalSall clgh yinad @i 'ﬁr
; 7 A generalization of some rules of integration can be used directly C,;
’4 ™\ ‘J‘.'?)
f') &)
dx =In|f(x)| +c f f(x)+c
fx) vf (x
(ax + b)"*1
+ b))t dx = +
f(ax Jrax a(n+1) ¢
_ 1
f51naxdx=—acosax+c AAE el 3L pee Sl
1
ff'(X) e/ dx = e/ 4+ ¢ f ety = — P 4 ¢
a
a” 1
f a*dx = +c ff’(x)af(x)dx=—af(x)+c
Ina Ina
3 J
— Theorem 1.3

Suppose that f(x) and g(x) have antiderivatives. Then,
for any constants, a and b,

f[af(x)+bg(x)]dx =aff(x)dx+bfg(x)dx

f(3cosx+6x5)dx % f(sinx+\/f)dx

10. . 2 . X3 — 3
J (3o -157) f(—/)d

X R
&";“‘ " ) -fftjj
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Theorem 1.4

!

d
Forx # 0, a(lnx) =

1

X

13. For any x for which tanx # 0, Evaluate : d% (In|tanx])

Corollary 1.1
In any interval not containing 0,

Corollary 1.2
In any interval not containing 0,

1 f'(x)
—dx=In|x|+c dx =In|f(x)| +c
f x f(x)
Evaluate:
14. j‘ 4x - 15. [ sec?x ,
x2 + 4 f tanx
COS X X
16. ] . dx 17. j dx
sin x (x—Dx+1)
<"'::‘i"
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X
20.| rx?+ 1 5
— ax
NES
21. 4x + 6
[T
x“ + 3x

Challenge
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Finding the Position of a Falling Object Given Its Acceleration

. If an object’s downward acceleration is given by y"'(t) = =32ft/s?,

find the position function y(t). Assume that the initial velocity is
y'(0) = —100ft/s and the initial position is y(0) = 100,000 feet.

Find the derivative.

" —(In|secx + tan x|)

dx

26. d
Tx (In|sin x — 2])
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: Find the general antiderivative.
7225, f cos x

dx Z0; j(z cosSXx — \/ea) dx

sin x

27.f g p 28. ]ex+3d
eXx + 3 X ex x

27 ]xl/“ (x>/* — 4) dx = fx2/3 (x*/3 - 3)dx

31.

f cscx (secx tanx — cotx) dx

€ N
\:.‘ Y D’ -
v R
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525 32, sin® x ¢
e fo
~y X ¢
e 1—cosx -
%/ v

34.

f sin x cos x dx - f(cosz x — sin? x).dx

L& N A
\:.\ . i’ -
e R
oy \35
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1 — sin 2x
. d
sihx — cos x

4
38. f dx

1 + cos 2x

39,

f etanx d
%, aXx
1 —sin? x

2
fex +1lnx dx
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= 41. Evaluate :

J’x +4xd
x* + 1 x

Challenge

42. Find all functions satisfying the given conditions.

f""(x) =sinx — e”*
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43. Sketch the graph of two functions f (x) corresponding to the given

graph of y = f'(x).

S o

._.
g ==
() ==

Explain why this does not imply that cos™ x'= —sin™! x. Find an equation
relating cos™'x and sin~

44, Show that
—1
V1 — x?

1

dx = cos”

and

-1
———— dx
f\/l—xz

= —sip lx+c

e

-.'}1 &
£~ s
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'= 45. Evaluate : :;j“\)
g f secx dx A

46. Determine the position function if the acceleration function is

a(t) = 3sint + 1, the initial velocity is v(0) = 0 and the initial
position is s(0) = 4

%\,‘ p Page 117 of 187 Unit 5 — Term 2 — Academic year 2022/2023
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=, 47. Find the function f(x) satisfying the given conditions. /o2
:'1: a) f'(x) =4cosx , f(0)=3 :;5)
b) f"(x) =12x%+2e* , f'(0)=2, f(0) =3
¢) f(e)=5+6t ,.f(1)=3, f1)=-2
< ' :'i', 1; . .
o o,
X2 2
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=" 48. Find a function f(x) such that the point (1, 2) is on the graph of ;j;
7.3 y = f(x), the slope of the tangent line at (1,2) is 3 and f"'(x) = x — 1. €
(f‘,J" ;J\ b
49. Which of the following graphs shows the solution of the initial value problem
dy
—_ = = =12
=~ 2x, y=4when x =17
b; y y
A h A
- (1,4 4 A, 4 4F #(1L, 4
3 3
2F — z
1~ N 1
| ey r e A
-1 0 1 -1 0] 1 /1 o] 1 ¢
Ll ‘1{' B
\a (a) (b) (c) g
{:‘?’ iz : : ;-'r.‘é}
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£ 50. Find the general antiderivative. /&
7.5 A) COS X N

(:'5;' ) dx K X
i sin“ x

B) 4
J Nz

) '[(235_1 + sin x) dx

D) f(3 cos X — sinx) dx

) f 5sec? x dx

o) '[(3cosx—%) dx

G) stecxtanxdx

D j (Zx_2 - %) dx

e I
_‘;\ Y D’ -
% Ky

) . _ 7\';-:;%
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Soms and Sigma Notation

In general, for any real numbers ay, a,, ..., a,, we have
n

Zai=a1+a2+---+an
=1

Write each of the following without sigma notation sign:

1) i3i—1=
i=1

10
2) i =
2
5
3) i2—i=
i=1

For questions (4-13): Write each of the following in summation notation

4) 33443 4+53+..-445%3 = Z

5) Vi+V2+V3+-+V15= z

6) V2—-1+V3-1+V4—-1+--+V50-1= Z

7) 1X242X343X4+-+99x100 = Z

8 4+8+412+:+400 = Z

al”
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e
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14345+-+410F= Z

10)
5410 + 15+ -+ 205 = Z

11)
123154184 +312 = Z

12)
S A B 16 4 v 4 A0AB = Z

13)

ﬂ&&r\* p Page 122 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917
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e

L AN v 2 :'v:)," oS
i’;{?&— Sigma notation Rules and properties f"t‘;
2] forn > 01if a,b and c are real numbers: N
& h 2
n A2
& 1) z e =mnp (Sum of constants) A
i=1
2) i e n(n+1) (Sum of the first n positive integers)
L, 2
=1
- L, nm+1)2n+1) (Sum of the squares of the
o) Z e 6 first n positive integers).
i=1
5 ni(n+1)? (Sum of the cubes of the
4) Z b= 4 first n positive integers).
i=1
5 i_4_n(n+1)(6n3+9n2+n~1)
S) Y3 30
i=1
. i . n2(n+1)%@n? +2n—1)
) b 12
=1
n
: a(l—r" : .
7) z ar'™t = % i r+1 Geometric series
=1
8) z ) ¥l < 1 Geometric series
i=1
n
9) (cal +db;) = CZ a; +d Z b; For any constants ¢ and d
i=1 i=1

Use summation rules to compute the sum.

70 70 70
w Yoo 33
i=1 i=1 i=1
- rg .'i;';?
Q~ % R
i o
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i=1 i=1 i=1 T
100 100
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16) Z(n2 —3n+2) = Z

]
Il
=
=
Il
=
=
Il
{15

¢

4
N
N

n
Remember that: Zi The Number of terms =n—k + 1
i=k
n n k-1 n n
=)0 = ) YD =f@+ ) f@ j
i=k i=1 i=1 i=0 i=1 V%
: »
R
b '-fr.%ﬁj
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;}4}- Computing a Sum of Function Values
(,ji: 19) Sum the values of . f(x) = x? + 3

evaluatedatx = 0.1, x = 0.2, .V, x = 1.0

20) Sum the values of f(x) = 3x? — 4x + 2

Page 125 of 187

evaluated at x = 1.05, x = 1.15, = 1.25,..., x = 295
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+% 21) Compute sums of the form Z f(x;) Ax for the given values of x; . 22
"= i=1 t‘.}s
" f(x)=x*+4x, x=02, 04 06,08 10; Ax=02;n=5 LV
22) Compute sums of the form Z f(x;) Ax for the given values of x; .
f)=221 4% . x=2 4 6,.., 100
23) Compute sums of the form Z f(x;) Ax for the given values of x; .
i=1
f(x)=x°+ 4%x = 2.05, 215, 2.25, 2.35,..., 295;Ax =0.1;:n = 10
f?: ‘:m_., p Page 126 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917 ﬁ,&:‘
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2. 24) Compute the sum and the limit of the sum as n — oo 7 9
At A) O3y
‘ Z n (E )
i=1
B) 1 [ i\? i
2.l +26)
n|\n n
=1

X -l
2=y \ ¥
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(z& Principle of Mathematical Indoction /52
e
25) Use mathematical induction to prove that "k
i L, nmn+1)@2n+1) A
" T 6
1=1

Forn = 1, we have

as'desired. So, the proposition is true for n-'= 1. Next, assume that

Z (= Induction assumption

i=1

for some integer k = 1.
In this case, we have by the induction assumption that forn = k + 1,

n
Seoga-ye s 3e
i=1 i=1

T

(“‘ "“rz 2'1 >
- % Eﬁ
2y \ =¥
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2 e
2% Translate each into summation notation and then compute the sum 5'*
7= 26) The sum of the squares of the first 50 positive integers. <

s

a

4

rﬂ""}

v
J\. »

27) The square of the sum of the first 50 positive integers.
28) The som of the square roots of the first 10 positive integers.

29) The square root of the som of the first 10 positive integers

Use summation rules to compute the sum

30) Y IG-3?+i-3]
i=3

20
31) Z(i ~B)([ 4 3)

e =
w3 i
3y 2
-)S'Qr\_, p Page 129 of 187 Unit 5 — Term 2 — Academic year 2022/2023 0503050917 ,Wr‘
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L53 Area S
(f."-’b e!“ﬂ]“][“”e . . 54\.‘:)
" Assume that f(x) = 0 and f is continuous Y A

on the interval [a, b], as in Figure in the right.
e We start by dividing the interval [a, b]

into n equal pieces. This is called a L5

regular partition of [a, b]. 10+

e - The width of each subinterval in the 5

£

o
7

0 G

T b— .
partition is then Ta , which we denote

by Ax (meaning a small change in x). a b
e The points in the partition are denoted by
Xo=a, x3=x9g+Ax, x,=x1+Ax ,....... , Xn =D

e In general, xX; = xg +iAx, foi = 1,2,...,n.

b—a
Ax = x; — xj_pl= - , Xp=a

Then

n

. b—a.
xi=a+1Ax=a+( )1

— Definition 3.2 ( to find approximation Area )

Let {xq, x3,..., X, } be a regular partition of the interval [a, b], with
b— o : :
Xi—x%q =Ax = Ta , for all i. Pick points ¢4, c5, ..., c,, Where ¢; 1s

any point in the subinterval [x;_q1,x;], fori =1,2,...,n.
(These are called evaluation points.) The Riemann sum for this
partition and set of evaluation points 1s

n
Z f (Ci) Ax The Riemann sum
i=1

Them the approximation area given by
n n b = n
A= Z fle) bx = szlf(ci) = TZ £e)

— Definition 3.1 ( to find exactly Area by limits )

For a function f defined on the interval [a, b], if f 1s continuous on [a, b]
and f(x) = 0 on [ a, b], the area 4 under the curve y = f(x) on [a, b] is

v | given by: n \
&Y, A = lim A4, = lim E f(x;) Ax %
A n—o00 n—co _ Vg
Ny i=1 ¢ A"
ﬁ:‘; v b
A N 33
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- The midpoint
<"“"‘i--g
Q“'\
y
X5,
2 oﬁfr .y Page 131 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917
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L ¢ : : Ch
5 :’& Computing approximation Area

i : : } .
«+>  To approximation the area, we have three methods in this lesson, and we

have other methods 1n lesson 5-7

To approximate the area under a curve by using n rectangles on the interval

[a, b] use the following summation.

b—a
Zf(ci) Ax s Mx=x;—x_4=

n
=1

Where:
1. ci=xi=a+Ax-i

2. c=xi_,=a+Ax-(i—1)

The right-endpoint
The left-endpoint

3. ¢ = %(xi_l +x;)=a+Ax- (i - %) The midpoint

v ¥ v
A r's
12+ 12+ 12:1

4 m
2
T T T T > X T L T
02 04 06 08 10 0.2

t t t t 1 1 T
2 04 06 08 1.0 02 04 06 08 10

Exact area given by:

10+

8-+

n
lim Z f(c;) Ax 6t
n—oo
i=1

4+

» X

. . - I 2w
Ci = Xi Ci = 5(Xi—1 +Xi)

We can find the area under a corve by vsing several methods, some method gives

vs approximate area and other give vs exact area. We will suommarize as following.

Area

Approximate area Exact aroe

| | 1
rectangles | | Trapezoid | | Simpson

limit of The Riemann som

| The right-endpoint integration

—  The left-endpoint




':n 01 Fe y = m t;j{

55 1) Approx1mate the area under the curve y = f(x) = 2x — 2x? on the /"»';:

”“' interval [0, 1] by using 10 rectangles. TN
A) The right endpoint B) The left endpoint C) The midpoint

Then find the exact area.

Solution:

A% = —11‘00 =0

X; 0O /017]702]03)|04]05] 06| 07] 08109 1
f(x)
The right-endpoint

o
(]
(]
L]
©
(]
(]

L]

The left-endpoint

The midpoint

O O

©
®
©
@]
©
©
{

D

¢c; |0.05[/015]0.25]035({045|055|0.65|0.75|0.85 [0.95
f(c)

Exact Area: n
A=1lim A, lme(ci)Ax
n—oo n—00 £
1=

v“rﬂ a e

b T
u"s‘ 3 "_f‘g"g
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>

\}" ;
:’(\‘ 2) Use the given function values to estimate the area under the curve usmg "’t‘
ﬂ&“_‘ left-endpoint and right-endpoint evaluation. € ;
e/ “\._.?
X 10 | 11 | 1.2 | 1.3 %14 | 1.5 | 1.6%"1.7 | 1.8
f(x)| 18|14 |11 |07 |12 |14 | 18 | 24 | 2.6
Left-endpoint
Right-endpoint
3) Use the given function values to estimate the area under the curve using left-
endpoint and right-endpoint evaluation.
X 00102104 |06 08] 1.0 1.4 | 1.6
fx) [ 20 (22|16 |14 (16| 2.0 24 | 2.0
Left-endpoint
Right-endpoint
L :‘P_ 1""};)
A :;
>y NS
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4) Approximate the area under the curve of the function f(x) = 2x + 3 722
and x-axis on the interval [1, 5] using n rectangles and the evaluation rules .«
‘J\. »
(a) Left endpoint with n = 20 (b) Midpoint withn = 10 A
(c) Right endpoint with n = 14 (d) Exact Area
’ - b —
The Riemann sum: Zf(c") Ax g D= —x 4= ~ a
i=1
(a) left.endpoint with n = 20 >
Z L nn+1)
L' T2
i=1
(b) midpoint withn = 10
£y e
%'*; i,;
Unit 5 — Term 2 — Academic year 2022/2023 0503050917 : ’_,Wr{z
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=% (c) right endpoint with n ="14 72
g -.‘,,'I:

] - L..’ s
wh "
[ A\
(d) Exact Area

- 3
w3 Ry
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£ 5) Find exact area under the curve of the function f(x) = 4x — x? ﬂ%‘g
o ® . . . . e . Loh
";;’ and x-axis on the interval [0, 4] by using limits of The Riemann sum. €N
(f..,_ ‘J\. -2
4 n ‘-"
; . b—a .
A= lim A, = lim /, f(c¢;) Ax , Gg=x;=a-+ i
n—oo n—oo =1 n
Ye e
Y% 3
oﬁfr b 4 Page 136 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917 rw,‘
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n Y

X 6 S
A : . . . R
£2" 6) approximate the area under the curve on the given interval using n 693
e rectangles and the evaluation rules TN
“ () left endpoint (b) midpoit (c) rightSndpoint.

A) y=vx+2 on [14] ; n=16 A

B) y=e"%* on [-1,1] ; n

16

C) y=cosx on [0,%] -1 =50

4
\6 N A
o -
s R
ﬁ:‘; v b
gl - 4
o Page 137 of 187
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53.’ . ) . i\rZ Ans. ;&}
7~ 7) In the figure, which area equals lim V2| 1+ . (—) 4 o

(c‘«'.} R—OQ i=1 & 2 d‘\.?’

b y e
4 y =X Use right endpoint
2 e
1__
Ay Aj
: 1 f 1
1 2 3 4
Consider interval [2, 4], then Az = ;
Use right L“nd])uiuts as c\"z\luatioﬂ points,
£i — (2 47 i)
(!
A= lim S K\/u 7) %]
=1
= 1‘111’1; Z] [\/E( 1:+ :—I) %]
Hence, N
. [ i\ 2
1, = lim /2 ' — | —].
As nh—l»\;[\z(vlJrn) n]
n-1 2
2 . 1 -
8) In the figure, which area equals lim — (V1+ 21)(—) Ans.
n-ow L vn n Ay
=
Use midpoint
szz;ozi let i=k+1 when i=1=2k=0
i when i=n 2k=n-1
C; = a+(i——)Ax
2 n—1
2(, aP_1 A= li . J2(k + 1) 1()
- . _ = lin — —-1|—-
ci—0+;(1—z)—;(21—1) now L\ n
L n—-1 . :
e lllﬁ}ozf(ct)ﬂx A= lim » —~2k+1 (—)
=i o200 e n n
. n 2 n—1 2
A= lm > -@i-1) () > A= lim Y = V2T ()
n—oco i n—oo n n
=il 1=0
5 iy 2 On [0, 2]
= limz —V2i—1(—)
n-oo n n
¥ b=d X
@ P# Q{"’J}
% i
253 N
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o 03;4 . > 5K o
SIS " . < 5 . ’ t‘“ f;
;%v In Exercises 9 and 10, use the given graph to estimate the left Riemann =~ 7%
slw ® Loirh
7 L? sum for the given interval with the stated number of subdivisions. €5
9 [L5], n=4
y .
A
=
10) [0,4], n=4 y
——t—F—+—x
1 2 3 4 5
11) [0,2], n=4
y
A
o | ! | —»x 4
e 05 1.0 15 20 N
W Ry
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< L54 The Definite Integral
(,'-$ ,llllﬂllllllllly, ‘JE:T)

— Definition 4.1
For any function f defined on [a, b], the definite integral of f from a to b 1s:
n

-,
[+

~}°? o
v )

‘4”

WAl Y
4
n'r\'l'

Upper limit  [€ b
Lower limit 6—__—_-[;1 f(x) dx = 1'lal—>rlgoz f(ci) Ax
i=1

whenever the limit exists and 1s the same for every choice of evaluation point,
C1,C3,--.,Cn. When the limit exists, we say that f is integrable on [a, b].

Properties of Definite Integral

Definition

[ £y dx=0 [ 1) dr=- [ F(x) dx
Constant Multiple

Ibcdx:c(b—a) J‘bcf(x)dxzcjjf(x)dx

a a

Sum and Difference

b b b
J‘a [f(x)ig(x)] dx:j(l f(x) dXiI(, g(x) dx
Additivity

b e . %
I f(x) dx+Ib f(x) dx :I Fie)dx
Integrals of Symmetric Functions

If £ iseven f(—x)= f(x), then j fx)de=2 O 1(x) dx

If £ isodd f(-x)=—f(x), then j_" f(x)dx=0
Comparison Property
If f(x)>0 for a<x<b,then Ibf(x) dx >0

If f(x)=>g(x) for a<x<b,then J‘:)f(x)dxz‘[j g(x) dx

If m< f(x)£M for a<x<b,then m(b—a)sjbf(x) dx<M(b-a)

A SR
. |
Y
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o as I >3 SEN¥
‘la&f " " <

525 Rewrite each limit as definite integral form: 'ﬁ:’
2 : 1) i C;
o z fe) ey, [1,4]
4 n—co "

i=1

2) .
lim » (2¢? —3¢; —2) Ax , - [0,10]
n—co
i=1
3) I
lim ) (2cosc; —sing;) Ax ;0 [0, ]
n—co
=

Rewrite each definite integral as limit form:

1
Y f (x*=3x + 2)dx
0

T [ e

2 g
v Ry

>3 N
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S, Evaluate the integral by computing the limit of Riemann sums:

1 2
<2 6) f 2x dx 7) f 2x dx
0 1

n
= f dx = ?11_{{)10 f(c;) Ax
i=1
3 3
8) f (x? — 3x) dx 9) f (x? —3x) dx
0 , 1
= f dx = Tlll_)l’{)lo f(c;) Ax
i=1

e 3
X5 _ : <
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Definition 4.2 7
; 3 Suppose that f(x) = 0 on the interval [a, b] y N
and A, 1s the area bounded between the curve ;
y = f(x) and the x-axis for a < x < b. Further,
suppose that f(x) < 0 on the interval [b, c] and
A, 1s the area bounded between the curve

y = f(x) and the x-axis for b < x < c. The
signed area between y = f(x) and the x-axis for
a<x<cis A; — A,,and the total area between
y = f(x) and the x-axis fora < x < c1s A; + A,.

This means signed area is the difference between any areas lying above
the x-axis and any areas lying below the x-axis, while the total area is the
sum of the area bounded between the curve y = f(x) and the x-axis.

A

y
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AT N . . . RN
s5%  Write the given (total) area as an integral or sum of integrals. 7%
2210) The area above the x-axis and below y = 4 — x2 CN
& -L ,J\ w2

11) The area above the x-axis and below y = 4x — x? A

12) The area below the x-axis and above y = x% — 4

13) The area below the x-axis and above y = x? — 4x

Y
.

L)

14) The area between y = sinx

15) The area between y = sinx and

= T T
the x-axis for e <x< e

2 Ry
o & .fr%ﬁj
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s£8 Theorem 4.2 )
7,;’ If f and g are integrable on [a, b], then the following are true. S}‘*
k (1) For any constant ¢ and d ,
b b b
f [c f(x)+dg(x)]dx = cf f(x)dx + df g(x)dx
a a a
(i1) For any c in [a, b],
b (& b
f f(x)dx = f f(x)dx+f f(x)dx
a a b a c a
i) [ reo == feoax @ [ r@dx=0
b a a
Integration at point
* 2x ;, x=<1
16) Evaluate f f(x)dx ,where f(x) is defined by f(x) = { ’
0 4 ,x=>1
y
i @ >
e L
; T '
—er AL
17) Write the expression as a single integral.
2 3 3 3
A) jf(x)dx—l—ff(x)dx B) ff(x)dx—ff(x)dx
0 2 0 2
2 1 2 3
)] jf(x)dx%-[f(x)dx D) f(x)dx+ff(x)dx
0 2 —i 2
XS, N2
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£518) Assume that [ f(x)dx'= 3 and [’ g(x)dx = —2 find /%
‘f._,’.’. 5 3 z‘;\_._.?’
) [ 176 + g0l dx B) [ [2f() - gl dx |
1 1
3 3
O) | [£G) - geo)] dx D) [ [gCo - 3G dx
1 1
— Theorem 4.3
Suppose that g(x) < f(x) forall x € [a,b] and that f and g are
integrable on [a, b]. Then,
b b
f g(x) dx S[ f(x)dx
a a
Average Value of a Function
— Average Value of a Function
n
_ 1
favezil_l)lolo b—azf(ct)Ax‘:b_
=1
19) Compute the average value of f(x) = x% + 2x on the interval [0, 1].
< : “; -Efé»,
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(f'.-_r’. 54\ ¥
Squeeze property

Let f any continuous function defined on [a, b] and it has a
minimum m, and a maximum M, on [a, b], so that
b
mb — a) < f £ =MD =)
a
.. : : : : b
This inequality used to approximate the value of the integration fa f(x)dx
Use the Integral Mean Value Theorem to estimate the value of the integral:
21) [m/2 22) vz
f 3 cosx? dx f e ™ dx
/3 0
14 %
i\'if%\, Page 147 of 187 Unit 5 — Term 2 — Academic year 2022/2023 0503050917 4 yr‘
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2" — Theorem 4.4 (Integral Mean Value Theorem) 7
),, If f 1s continuous on [a, b], then there 1s a number ¢ € (a, b) for which :J =
A . 5

c) = x)dx
F@ == | £
Find a value of ¢ that satisfies the conclusion of the Integral Mean Value
Theorem
2% (2 ) 24) 1 5 2
3x“dx (=8) (x*— 2x) X (= —)
0 =1 3
2
25) Find bounds for f x2 e V¥dy
0
<“‘:‘P, 1“"-‘7
ol :é
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£ 26) Express this limit as an integral: 5";'3*&
et 29
93 1y 2@ - nm N
A lim-$1 sin— + sin — 4+ + sin— T
by n—-on n n n ;

27) Show that the value of fon V1 +sinxdx isbetween m and V2w

28) Show that the value of fol 3x2V1 + xZdx is between 1 and 2

& :1" =
v L
% e
oﬁﬁo\‘z /. Page 149 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917 \ it y#ﬁ:
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3 e r a S, 7
€ o o - o

o » » 0
X ’ N
& W . 2 . .. . %

2 29) Use the graph to determine whether fo f(x)dx 1s positive or negative. .i}
7, LGN
& ,""\ 91; >

y A\
4 . v .
A > /.
A
3 1.0
ke
- 0.5+
fhas
T —-1.04
v y
A
(oId = 1.0
0.8
LT 0.6
e 0.4
2.0 0.2
i } t —» \
ool 05 10 |.5¥.0
0.4
30) Use a geometric formula to compute the integral:
2 4 2
f 3xdx E / 2x dx f v4 —t2dx
0 1 0
y y
A 9
ol 8
7,
= 6
&= 5
5 4
5 3
2
r 1
<t t t > X < I W
1./ 1 2 3 -1 1 2 3 4.5 Y 3
Y g
1. N
(‘;'1. ‘?2 ‘1"/ 'p}}
2 - g
W Ry
ey ¥ v _ih
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troe except:

7
(A) f f(x)gx)dx = 15
3

31) Graph the function f(x) =4{ 6

32) If f37 f(x)dx =5 and f37 g(x) dx = 3, then all of the following must be

7 3
o (D) f [f(x) —gM@)ldx =2 (E) f [g(x) — fx)]dx = 2
: 3 7

v
Y s
4 N
‘4\_ o
3
2

-3 -2 -1 1.2 3 4 5

3x—3, 0=x<3 2
, 3 < x <5 then find fo flxydx
21 —3%, 5<x<8

7 7
(B) f [ () g(x)]dx = 8 (©) f 2 f(x)dx =10
3 3

/ Ny
& le :"'; >
o3 R
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7503 33) The expression —( f ’ / + oot ’ ) o

is a Riemann sum approximation for:

fl x 0) 1]1 x
o N20%* 20), N20 ™

1 1
B) fﬁdx D) %] Vx dx
0 0

34) Use the graph to calcolote: f02 f(x) dx, f:f(x) dx f5 f(x) dx and fsf(x) dx

area =

area—2 \\[\
/\

‘\

area=>5

[ ; f(x)dx = areaabove - area below

35) Let A(x) represent the area bounded by the graph and the horizontal axis and
vertical lines att = 0 and t = x for the graph shown.
Evalvate A(x) forx = 1,2,3,4, and 5.

321 32 34

T — (3]
4 &
t &
>
»
[ = 3%
>
Ead
— (3]
3

& "‘r

& :“f"’;
o -
'i;n-" -;cg
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D v
e s IS

E’Z&%é) Use the graph to find

m.‘

s A) f f(x) dx
B) f f(x)dx =
O) f83 Flx)dx =
D) | Ifeordx=
37) Use the graph to find
8 [ rwax
B) L fx)dx =
o | Ireldx=
5
D) | fwdx=
38) Let f and g be continvous functions that produce the following definite
integralvalves. [P f(x)dx=-2, [°f(x)dx=4,[ g(x)dx=8
Find the following:
A) [ g(x) dx B) [ g(x) dx C) 3 [ f(x) dx
D) f; f(x) dx E) [[[f() —g@]ldx. [P [J[3f(x) - g(x)] dx
G) [[If) —g@ldx W[ )~ g0l da]
‘ Cannot be determined v
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>3 L55 The Fondamental Theorem of Calcolus Part | N
671111114
— Theorem 5.1 :
If f 1s continuous on [a, b] and F (x) is any antiderivative of f(x), then:
b
| r@ax=ro) - F@
a
Evaluate
1 3 5 2 er _ 283x
) f (3x2% + 2x) dx ) j = dx
e
1 0
2 z 6 1
) fzsin x dz f (sin? x + cos? x) dx
5 0
3 (* 7 (3
f1 (2t +3)dt j sec x tan x dx
0
4 - 8 Z
) f e~ dx ) f4sec2xdx
& :'?’g .“;"’:?
‘:“‘3 e
2,
J;L‘Sffm_, p Page 154 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917 -
st




%"; T t;bo"

££9) 3 10) % 2
o f?‘ dx j sin x cos x dx ¢
b 0 q/1 _ x2 0 7

cos? 2x dx 1+ xz

11) f% 12) f 2+ 1
0

— The Fundamental Theorem of Calculus, PartlIl

If f is continuous on [a,b] and F(x) = f f(t)dt ,
then F'(x) = f(x),on [a,b].
u(x)
In general: if g(x) = f(©)dt,then g'(x) = f(ulx)) v'(x) or

0
u(x)

d
g'(x)=— f@®)dt = f(u(x)) w'(x) ona,b]

0

u(x)

In general: if 8(x) = f f@)dt | on [a,b] then
v(x)

< d v
g@=—| f@Odt=f(u®) '@ -f(r@)v'E

£ h‘{
S v(x) S
e

P42 5 = g
ﬁié“k Ry
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v/ r
%?,.._ Ly W

woes "4 t"":)j" M
a’:’& Examples: 5
x : iy

«r 13) For f(x) =f (t*+t—1)dt compute f'(x) "8
7 1 .-i

x2
14) For f(x) = f sintdt compute f'(x)
3
x2
15) For f(x)= Jt2 + 2t —4dt compute f'(x)
3x
sinx
16) For f(x) = Jt2 + 2t — 4dt compute f'(x)
3x
x2
17) For the function F(x) = f In(t® + 4)dt find an equation of the
4
tangent line at x = 2.

& :'i", “i; -
A, :"“‘
X2, N2
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f:,-" 18) Identify all local extrema of f(x) = f (t? —3t+2) dt S
0
b o
19) If f(x) =f V5t2 =1 dt Find the value of f'(1) and f(1)
1
X
20) If f f(@®)dt =x(Inx — 1) Find the value of f(e?).
0
1 2
21) For f(x) = f et” dt compute f'(x)
V2x
<4 r p .;'.;’
i\"; s
N R
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;:::ZE . sin~1x ” UL%’?:{
% 22) For f(x) = f sintdt where x € (—1,1). Compute f'(x) S
“h X L%

sinx
23) For f(x) = f V1 —t%2dt Where x € [0,%]. Show that f'(x) =1
COSsXx

tanx
24) For f(x)=x+ f >dt ~Show that f'(x) = 2
s 1+t

& :""g .‘i"' 5%

Wy !

ﬁ:‘; v b
5 N 33
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D 3 o
$20 - f‘*( 1 ) ; A
e L2 X Loy
,—J;: o Wl+x :v
A1 B. 2 C. 4 D % E. 6
T )
2 ) \Tr )&
A °F B. In2 C. 0 D. 2In2
4 2 4
x 2
27) If F(x) = f e " dt  Then F'(x)
0
A. 2xe~*’ B. —2xe*’ C. e **
—x%41
D. e** -1 .ez —e
—-x<+1
* 1
28) If f(x)= _[ dt. Which of the following is FALSE?
VB S T g
A. f(0)=0 B. (1) >0 C. f(-1)>0
«*‘"}5 D. f'(1) = % E. f is continuousat forall x > 0 %
e e
\E’S};‘:r‘;_) Page 159 of 187 Unit 5 — Term 2 — Academic year 2022/2023 0503050917 v y}%
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vy
oy v

»

o

A iR %{;’i
£5.7 29) If F and f are continuous functions such that F'(x) = f(x) forall x, 7&a
< then f flx)dx 1s ﬁ_i,
A. F'(a) - F'(b) B. F'(b) - F'(a) C.' F(a) — F(b)
D. F(b)—F(a) E. none of the above
1
30) f (x + 1)eX**+2x (x
0
3 3 3 _
A Z B. & c. == D.e3 -1 E. e? — e
2 2 2
1
. X1, x =
31) Given f(x) = {cos o5, >0 Then f_lf(x) dx
A, —+-= B. —- C.-—= D. - E. —-%m
2 i1 2 2 T 2 2
2
32) f =
L X
Lol . 'q"' -
Vo, A -3 B. 1 C. 2 D. 3 E. non-existent g
ES}E‘«Q T Page 160 of 187 Unit 5 — Term 2 — Academic year 2022/2023 0502050917 > y:’i
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k
_;"'_.;33) If n 1s a known positive integer, for what value of k i1s: f x1dx =
[ = < 1
2 & 2 " 1
A. 0 B. (;)" C. ( o 1)"' D. 2n E. 2"

34)If f 1s the continuous, strictly increasing
function on the interval a < x < b as shown

on the right, which of the following must be
true?

b
i ff(x)dx<f(b)(b—a)

b
II. f f(x)dx > f(a)(b—a)

b
I11. f f(x)dx = f(c)(b —a) For some numbers ¢ suchthata < c < b
a

A. Tonly B. Il only C. Hlonly
D. TandII only E. L[ IIandIII

3
35) If f(x)=2x|x+1| find f f(x) dx
3

) . Page 161 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917
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W“’_ y . t“m
o - 4
co & i t:i“ o

W “J
Zt\ 36) If f(x) = 2[x+ 3], Where [ ] the greatest integer function. "’Y';;
3 y C‘t

Find f flx) dx 104 s
—i| ol b
gl
ol
64
st
sl
il
2l
=
—2 _l—l—- | '.i 3 - .
g b

37) By using the table in the right x | fO)|f(x)| glx) g (x)
Find h'(2) if 0| 2 | 1 | 10 -2
g(x)
he) = | Fodt Ll =
2 2 15 — i

Let p(t) represent the fonction of population

Let b(t) represent the birth rate and a(t) represent the death rate
Rate of change in popolation is p’(t)

Then p'(t) = b(t) — a(t)

The rate of change over one year (12 months) is

12 ‘
’ {
f p'(t)dt A
0 i
g
"L}
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£ 38) Suppose that, for a particular population of organisms, the birth rate 1

given by b(t) = 410 — 0.3t organisms:per month and the death rate

e s SN
75
1s given by a(t) = 390 + 0.2t organisms per month. ¢

52

/%

A) Explain why f [b(t) — a(t)] dt represents the net change in

population in the first 12 months.
B) Determine for which values of ¢t it is true that b(t) > a(t).
C) At which times is the population increasing? Decreasing?
D) Determine the time at which the population reaches a maximum.

" =
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oL s ® e t"‘u M
% . 2 y A

£22° 39) The area above the x-axis and below y =4 —x £

i _t;.
7 L';
L "4

> x
3
5|’ X
y
A [ )
o
e
F-ade
i
;I\ } > x
1 1 3
— e
v v
42) The area between y = sinx and the x-axisfor0 < x < m
Y
1.5
1
0.5
t ; > X
S
2 4
43) The area between y = sinx
¥
& N
i 1
L,D -1.5 oy
o7 7 ! 35
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20

£o0

e

4+ f(x)
A) 15 f £(x)dx = F(4) — F(0) N
B) 7.5 2 :
d dx=F(4)—-F(0

s 1fof(x) v+ [ fGdx =Pt ~F©) I
D) 18.5 2(2+3)(2)+7.5=F(4) —F(0) "> F(4) —F(0) =12.5 1

: 2 : _(2x%, —-2<x<0
47) Find % f(x)dx if f(x) = {Sin S eyt

A) 4.507 B) 5.403 C)6.161 D) 10.667

X
ry 44) If g(x) =j cost? dt then g'(x) =
T

o
7 -
o b

A) sin(m?x?) B) mx sin(m?x?) C) mcos(m?x?)

D) mx cos(m?x?) E) cos(m?x?)

45) The graph of f is given, and g is an antiderivative of f
Ifg(3) =6, find g(0)

3

A) 1 | Fedx= gl = 53 -5

®)2 Z(1+2)(3) -=(1)(1) = 6 — g(0) =
(C) 4 2 2 g b
(D) 5 g(0) =2

46) The graph of f is given, and F(x) 1s-an antiderivative of f
If f f(x)dx =75, find F(4) = F(0) .

48) If h(x) = [ (e<ost —

1) dt on (3,6). On which interval(s) is h decreasing?

v A) (3.927, 5.498) B) (5.498,.6) C)(3,4.712) "
& ¥ D) Always decreasing on (3, 6) E) Never decreasing on (3, 6) R
f‘"é
ﬁ‘c?‘»' v
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of s t"":)j" o
;:Z& x5 v 8ax 5
7% 49) lim N

Te h—=0 » N

(f."-& z‘t‘\. b
(A) 0 (B) 1 (C)3 (D) 2v/2 (E) does not exist
e et” dx
50) lim -
¥ xo—1
(A)0 (B) 1 (e (D) e (E) does not exist
51) The graph of g', the first derivative of the function g, consists of a
semicircle of radius 2, and two line segments, as shown 1n the figure below.
Ifg(0) =1, whatis g(3) ?
v, Fondamental th y
[ = g6 gta) | et eren L
3
[ g dx =g - g0
! 2 3
[g@ans [gwar =g®-g0
Area [(])f o guarter circle Qrz;a of a triangle
2)?2 1 7
- @ =g@)-1 1
A)m+1 B)m + 2
gB)Fm + 2 (C)2m +1 (D) 27 + 2
52) Let f be the function given by f(x) = flx(Bt — 6t2) dt .
What is the x-coordinate of the point of inflection of the graph of f?
1 1 1
N A) " B) ” C) 0 D) 2 2,
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53) The figure above represents the function f' a continuous function, the
derivative of f over the interval [—4, 6] and satisfies f(0) = 4.
The graph of f' consists of three line segments and a semi-circle.

A) Find the value of f(—4).

[ r@da=r@-rn = feo=r@ - [ reddx
-4 —4

f(0) = 4 given Aren of semi-circle
m(2)?
f(-4)= 4 o 9 ¥

B) On what interval(s) is f decreasing and concave up? Justify your answer.
f(x) is decreasing and concave vp on the interval (1,4) becavse f'(x) is

negative and increasing.
C) State all x-values where f(x) has a horizontal tangent on the open interval

(—4, 6). Explain whether f has a relative minimum, relative maximum, or
neither at each of those x-values.

Atx = 0and x =4, f(x) hos a horizontal tangent.
At x = 0, f(x) has a relative maximom becavse f' changes from positive to negative.
At x = 4, f(x) has a relative minimom becavse f* changes from negative to positive.

D) Evaluate f23 f"(2x) dx

3 rr 1 ! g 1 ! 14 1
[ frenax=3r@| =3(r©-r@w)=z2-0 =1
2 2
E) Critical numbers of the function f(x)
Critical numbers is the x-coordinates whenthe graph of f'(x) intersect with x-axis

and the end points.if included in its domain.
then the critical nombersare: x=—4, x=0, x=4,x=6

& "‘r
~\ -

% £
.
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X

0

3

6

9

f(x)

10

8

5

2

54) Let g(x) be a twice-differentiable function defined by a differentiable
function f, such that g(x) = 2x + flx ] f(t) dt . Selected values of f(x) are

given in the table above.
A) Use a Left Riemann sum using the subintervals indicated by the table to
approximate g(3).

9
g(3)&2(3) + f f(x)dx =6+ Ax[ f(xg) + f(x7) + f(x)]

g3)~6+ 3[ 10 + 8 + 5 ]=75
B) Find g’ (3).

i) =) fx £ dt. S g'(x) = 2 + 2x fE2)
1l

= g3 =2 1 2(3)f(9)=21+6(2)
=g'(3) =14
C) Using the data in the table, estimate f'(4).
6)— (3 5~ 8
freay o LO D5
D) Explain why there must be a value of ¢, on 1 < x < 9 such that f(c) = 4
Since g(x).istwice differentiable, g’ (x) is continvous therefore IVT applies. There most
be a valve of c,on 1 < x < 9, such that g’ (¢) = f(c) = 4 becavse f(6) >4 > f(9).

=-1

55) The graph of the function g , shown in the right figure, has horizontal tangents at x = 4

and x = 8. If f (x) = ["* g(t) dt , what is the value of £'(4)?
A) 0 Nt
5 /| \
B) - ; \
2
3
C) 4 0 2 4 GNNE i
- N
D) - =
2 graph of'g
& Z‘r’ _1’-'"3
A e
Wy !
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7~ L5.6 Integration by Substitution e

[ §

e
In this section, we significantly expand ovr ability to compute antiderivatives by
developing a vsefol technigue called integration by substitotion.

Integration by substitution consists of the following general steps:

M Choose a new variable u: a common choice is the innermost expressionor “inside" term of
a composition of functions.

¥ Compute du =2 dx.

dx
Replace all terms in the original integrand with expressions involving u and du.

Evaluate the resulting (u) integral. If you still cannot evalvate the integral, you may need to
try a different choice of u.

N N

VI Replace each occurrence of u in the antiderivative with the corresponding expression in x.

How to choose the correct substitution to be u:
A) Inside brackets like (x2+1)° use u=x%+1

B) Inside roots like V3x2 +2 use u = 3x% + 2
C) The exponents like: e**2 use u = x2 + 2
D) The angles like sin(3x*) use u = 3x*

And maybe other substitution

Evaluate

D [xz(x3 + 2)100 dx 2) f(3x+4)7dx

™ "'i" p .,,{'- ('3,
Q\.‘;‘. :a‘f,

Y 2
2 oﬁfr .y Page 169 of 187 Unit 5 — Term 2 — Academic year 2022 /2023 0502050917 4 Wr‘
o) - a Lo /t-:i"
£ P ,



gf‘ia 3) fx sin x? dx

5) [sin \/_

7) (sin™?! x)3d
————dx
V1 —x2

4) f(B tan x + 4)° sec?x dx

6) x>
fl-%x6 G

8) fxﬂdx
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13) 3
j%+xd

1
a f V(1 + x3/4) e

4 r1 4
=—J’—du=—lnu+c

1) .
f\/;(\/z-m)d

let 1+ x3/*=u

= %x“lf‘*dx =du

=>dx=:—‘{/5du
1 4
el
xu\3

0 [ Ey,
X

let 1+Vx=u

12) .
fmdx

4 [ 1
j\/m o

Let vk =u =2 x = u?
= dx'= 21 du

it
= | ———2udu=2 d

n_‘ 3 u 3 fu(1+u2) =8 f1+u2 -
2 ‘.‘rﬁ — 3/4

- In(1 +x*/%) =2tantu+c =2tan"HVx) + ¢

.

4
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(& -®

‘J f

Challenge %:1
-‘ = 15) Let x3/2 == x3 = u? 'C’:;
1+ x3 = %xl/zdx =du “‘n_._:’
_ 2 A
= dx = 35 du
16) 52 17) eVx
xe* dx f A
Vx
18) [ (VInx 19) [ [Invx
dx dx
X X
cos(1/x
20) fex\/ex+4 dx 21) f( (/))dx
(;;n .1"""’
Q“'\ :."é
Wy !
2 e
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{X‘_ 22) J. 2 dx Llet u=%x 23) j 1+x Factor the denominator
7 : V1 — x‘l' N 1— xz

[ §

1+ x2

24) [1+x

25) fsin3xcosx dx

27) fxz csc? x3 dx

26) f tanx -

1 —sin?x

28) ftan 4x dx
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‘29) l[ln(sulx) 30) J‘cos(hlx) 9 o
dx ——— dx 2 AN
tan x " cn

31) ‘[seczx'V1——2tanx dx

R —— dx 33) [— dx Pet u ="
+ Lx =X V1 = x6 .
) (3 35) f
X
1+ x6 x+7

<“v"‘rg h“;";’
e Rp

. ) (f‘g“
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36) fcos(tan.?x) sec?3x dx

—ﬂ
o fb‘

7,

42)j 2

38) jseczx\/tanx dx

40) f 3
(™ x?)tan"1x dx

C. hallenge

x3—x =

Let u=x/®

37) f

39)

41) f

Challenge

Let x5/2 =y

1+x5
—

1 + sinx)®
sl

secx

V1 —sinZx
1+ sin? x
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52 Evaluate each definite integral: o
3 e Loy
(& 43) f [x% + 1 dx 44) f 1nx :t
" »
1
46) f _t dt
g L)
e
; XInx +x
48) In2 et i
t
47) In2 et -
5 ket
.‘i"};’
b
o
. ”,\_} p Page 176 of 187
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% 1 E
;349) If f f(x) dx =3 Find fzcosx f(sinx) dx
0 0

& h

v,

f(&) dx

2 4
50) If f f(x) dx =4 Find f N

51) If fzf(x) Tr=3 Find &) f4f(§) e
1 2

In2
B) f e* fle*) dx
0
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P 2

‘Uu ‘f b .a i
) For the integral e b hova
A 3" 52 A) For the integral [ = dx ,use a substitution to s oWz,
) o Vx+VI0—x
0 VI0-x .
that I = dx Use these two representations of I to evaluate I
o Vx++vV10—x
let u=10—x =>du=dx Add (1) to (2)
Whenx=0=> u=10and x=10 = u=0 me 0 JI0-—x Fer Vx "
0 0—u “Jo VID—z4x o VX+VI0—=x
=
f Vx + m f VI0—u+vu \/_ 10,70 = % & ¥/x 10
21 = =k =f 1 dx

The integration valve does not change when replace , V+Vi0=% 1
varioble with another variable

0 T0—x 21 =x|¥°=10-0
I= \/_— dx = (1)

0o VI0—x++x 21 =10 1=5
Frome the guestion

Vx Vx
_— =] = —_——dx=5
vz ~0 Vx+ V10— x
: ¢ f(x) .
B) Generalizeto I= dx for any positive, then find the
o f(x)+fla—x)
Ee sing 2 X
value of f _ dx and f /()
o Sinx+ cosx s f(x)+f(5—-x)

o« l"e .‘i’j %
Q'D e
% e
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’“ﬁ\f 53) When a patient is undergoing surgery, he is injected with anesthesia, "’t';;
> and after t hours the concentration of anesthetic in the patient’s blood is .\
Elt) = £s mg/cm? J
(36 + t2)3
Find the average concentration of anesthesia in the blood during the
first eight hours after injection

54) The Weather station observed the temperature C 1n a city after midnight,
so 1t was found that 1t can be modeled with as the following:

1
T(t) =3 —§(t—5)2 L&

where t is the time after midnight. Find the average temperature in the
city from 10 AM to 3 PM
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= 55) The fonction f is continvous for all real valves of x. D
ol s Loivh

77 Avportion of the graph of the function f ; / SN

./ | 2L o, o )
: the derivative of f, on [—2, 8]. 3

The graph of f” is shown in the figure
is shown on the right and consists of
a semicircle and two linear pieces.
f'(x) +++  ———2 +++ )
% O O Cr < >
f(x) -2 —7 4 X 6 _— 8
fr(x) ——— +++ ——— 000
0 O -
Fx) —27 Mo 27 N6 8 8 ‘
A) Find the x coordinate of each critical point of f on the interval [—2, 8]. Classify each
critical point as a local maximom, a local minimom, or neither for f. Justify your answers.
Relative maximomeat x = 4 since f' changes from (+) to (—)
Relative minimom at x = 6 since f' changes from (=) to (+)
B) Find the x coordinate of each point of inflection for the graph off on the open interval
(=2, 6). Justify your answer.
Point of inflection at x = 0 since f' changes from decrensing to increasing.
Point of inflection at x = 2 since f’ changes from.increasing to decreasing.
. S f(®adt -
C) Find lim %. Show the work that leads to your answer.
By direct-sobstitution, Nomerator is llmf fl()dt — 4= f fl(Hdt—4=4—-4=0
Aren vnder curve
Denominator: lim 3(x—4)2=3(4—-4)?=0 of ' from 2 to 4
. , Pin " (4) from the graph of f'
By vsing l'hopital twice: Sirect s A o
[ f(®dt - 4 i ffx)=0 o0y  f'(x) e ff _ff@ 2 1
¥o4 3(x — D xoi6(x — DI(L) (%) “ribx—22 x4 6 6 6 3
3
D) Evaluate: A) f f'(4 —2x)dx B) f fi4 — 2x)dx B) Tryitby
=2 =2
Let u=4—-2x = du = -2dx :dx:—%du when x =-2 2 u=8 and whenx =1 =2 u=2
1 1¢* 1" ilf® Fundamental thearem of calcolus
[ ra-20a=—5[ faau=s[ e du=|[ 1@ ax .4
=2 2 8 2 2 2 2 b
1 (1 1 ) Aregunder curve f f'G)dx = f(b) — f(a)
=== -Q2Q)@D) +@2)3) | =3 of f' from2tog || Ja
2\2 Z
E) Let g(x) = f'(x) - x% find g'(3)
| g)=f")"x*+f'(x)-2x = gB)=f"(3)"3°+f'(3)-2(3)
g = g@=wf"'G) +6 [f'Q3) =9(2)+6(2)=-6 = |g'(3)=—-6]
~. :{2 f"(3) fromthe graphof f'  £/(3) from the graph of f' \r é’

;1‘ slopeatx = 3 fi(3)=2
:

o al

&
*

b
o

=\
£ Y
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£5 For you
_g__k
(C,‘,'j‘:
Shortcuts: Integrals of Expressions
Involving (ax + b)
Rule
_ (ax + b)"*! _ Gx-13 1)3
ax-Lbhy'de=— — 3x — 1)°dx &
fx+or a(n + 1) J@¢ - var = S
ifn #£ —1 1)
(ifn # —1) _Bx-1 "
9
1
f(ax+b)_'dx:Eln|ax+b|+C f(3 2500 la’x— ln[3—2r|+C
= —5 In|3 —2x|+ C
ax+b 1 ax—+b —x+4 1 —x+4
e dx = —e +C e dx = ——e +C
a (—1)
= _e-.\'+4 i C
1 1
ax-+b ax+b 2 3x 44 —3x44
dx = —— 3 2 dx = ———2
/C * a lncc B f . (=3 In2) =6
1
— 2~3.‘(‘+4 C
3In2 5
2
0/ vax +bdx = 3—(ax T H)YIA O
a
oS
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“ \\f L] L]
41‘,’_& Review Exercises
Jg= Wl pind the antiderivative.

) f 4x secx? tan x? dx 2) f tan x dx

% fex(l—e_x) dx

3) fV3x+1dx

9) f e*(1+e*)?dx 6) f 6x2 cos x3 dx

7) Find a function f(x) satisfying f(x) = e~** and f(0) = 3.
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AT . .- . o S e
£§§ 8) Determine the position function if the velocity 1s v(t) = —32t + 10 and "’t‘;
’& the initial position 1s.. s(0) = 2. :}i)
9) Determine the position function if the acceleration is a(t) = 6 with
initial velocity v(0) = 10 and initial position s(0) = 0.
6
10) Write out all terms and compute Z(iz +3i) |
i=1
100
11) Use summation rules to compute the sum of z:(i2 +2i) .
i=1
12) Translate into summation notation and compute: the sum of the squares-of
the first 12 positive integers.
<“‘:‘P, 1“"-‘7
ol : P
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N L& e
;‘"’3‘» 13) Compute the sum —SZ:(i2 — i) and the limit of the sum as n approaches . ;%
7~ n ity
[ b =1 1
P ¥

7,

14) Use the velocity function to compute the distance traveled in the given time
interval. v(t) = 20e~% ,[0,2]

15) Find the derivative of:

A) f(x) = fx(sin t?2 —2)dt =

) f(x)=fx JeZ +1dt

(;"‘.‘rg .1 n‘-,
¥ R
¥, e
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‘j& 16) P
73 o
o b ;;‘\ a
<« X
-5
-2+
Y
The graph of y = f(x) consists of four-line segments and a semicircle as
shown 1n the figure above. Evaluate each definite integral by using geometric
formulas.
-2
A) flx)dx
-5
2
B) f flx)dx
-2
5
)] f f(x)dx
2
5
D | If@ids
-5
5
B) | flxax
-5
<%, Ve
A :"“
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17) The graph of y. = f(x) 1s shown in the figure above. If A and B are positive
numbers that represent the areas of the shaded regions, what 1s the value of
f_43 fx)dx —2 fflf(x) dx in terms of A and B?
A) —-A—-B B) A+B C) A-2B D)A-B
18) If f 1is the antiderivative of % such that f(1) = 2, then f(3) =
A) 1.845 B) 2.397 C) 2.906 D) 3.234
19) If f'(x) = cos(2x — 1) suchthat f(1) = 2,then f(5) =
A) 1.825 B) 1.338 C) 1.285 D) 5.482
20) If f_31 f(x + k)dx = 8 where k is constant, then fkkjf fx)dx =
A) 8-k By 8 Ik C) 8 D)k—8
i,“l i ”
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21) If / is continuous and I f(x) dx =15, find the value ofj x* f(x’ )dx ::’zé
e cos(Inx
2) [
(A) — (B) (C) sin(e) (D) sinl
sin | cosl
23) Which of the following limits is equal to I 13 x> dx ?
1
3
arinfe;
2
B) li 1+—)]
(B) ,,f}c Z( + p
L 2i 8 1
© im0+ 2]
n ' 2
D) lim 1+— e
(D) ”_WZ( ) ;.

. . g’-”';’
5 2s0o) 00— Gunsloll 81500 cuas 3
& 4 N
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