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A limit exists if and only if both corresponding one-sided limits exist and are equal. 

That is, 

𝐥𝐢𝐦
𝒙→𝐜
𝒇(𝒙) = 𝐋, for some number 𝐋, if and only if 𝐥𝐢𝐦

𝒙→𝒄+
𝒇(𝒙) = 𝐥𝐢𝐦

𝒙→𝒄−
𝒇(𝒙) = 𝑳  

 

Chapter 2  Limits and Continuity 

Lesson 2 - 1  The Concept of a Limit 

Learning objectives 

a) Learn the concept of limits. 
b) Study the existence of a limit by checking one-sided 

limits. 
c) Find the limit of a function algebraically and graphically 

if it exists. 

Keywords 
▪ One-sided limit. 
▪ Numerical Evidence. 
▪ Graphical Evidence. 
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P a g e 2 (0508874073) Math Teacher: EYAD ALI ALKOUD 

First: Evaluating a Limit Numerically   

Exercise page 76 

Use numerical and graphical evidence to conjecture values for each limit. If 

possible, use factoring to verify your conjecture. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝒍𝒊𝒎
𝒙→𝟏

𝒙𝟐 − 𝟏

𝒙 − 𝟏
 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝒙𝟐−𝟏

𝒙−𝟏
=   𝒍𝒊𝒎

𝒙→   + 

𝒙𝟐−𝟏

𝒙−𝟏
=   

𝒍𝒊𝒎
𝒙→𝟏

𝒙𝟐 − 𝟏

𝒙 − 𝟏
 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝟑𝒙−𝟗

𝒙𝟐−𝟓𝒙+𝟔
=   𝒍𝒊𝒎

𝒙→   + 

𝟑𝒙−𝟗

𝒙𝟐−𝟓𝒙+𝟔
=   

𝒍𝒊𝒎
𝒙→𝟑

𝟑𝒙 − 𝟗

𝒙𝟐 − 𝟓𝒙 + 𝟔
 

𝒍𝒊𝒎
𝒙→𝟑

𝟑𝒙 − 𝟗

𝒙𝟐 − 𝟓𝒙 + 𝟔
 

 

𝑸 𝟓

𝐩𝐞𝐠𝐞𝟕𝟕
 

𝑸 𝟏

𝐩𝐞𝐠𝐞𝟕𝟔
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: A Limit That Does Not ExistSecondly 

 

3 repeated) -  

 

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝒙−𝟐

𝒙𝟐−𝟒
=   𝒍𝒊𝒎

𝒙→   + 

𝒙−𝟐

𝒙𝟐−𝟒
=   

𝒍𝒊𝒎
𝒙→𝟐

𝒙 − 𝟐

𝒙𝟐 − 𝟒
 

𝒍𝒊𝒎
𝒙→𝟐

𝒙 − 𝟐

𝒙𝟐 − 𝟒
 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝒙−𝟐

𝒙𝟐−𝟒
=   𝒍𝒊𝒎

𝒙→   + 

𝒙−𝟐

𝒙𝟐−𝟒
=   

𝒍𝒊𝒎
𝒙→−𝟐

𝒙 − 𝟐

𝒙𝟐 − 𝟒
 

𝒍𝒊𝒎
𝒙→−𝟐

𝒙 − 𝟐

𝒙𝟐 − 𝟒
 

𝑸 𝟑

𝐩𝐞𝐠𝐞𝟕𝟕
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P a g e 4 (0508874073) Math Teacher: EYAD ALI ALKOUD 

Third Determining Limits Graphically 

Use the graph of 𝒇(𝒙) to answer the following questions. 

(a)- 𝒇(−𝟐) 

(b)- 𝒍𝒊𝒎
𝒙→−𝟐

𝒇(𝒙) 

(c)- 𝒇(−𝟏) 

(d)- 𝒍𝒊𝒎
𝒙→𝟎+

𝒇(𝒙) 

Use the graph of 𝒇(𝒙) to answer the following questions. 

(a)- 𝒇(−𝟐) 

(b)- 𝒍𝒊𝒎
𝒙→−𝟐+

𝒇(𝒙) 

(c)- 𝒍𝒊𝒎
𝒙→−𝟐

𝒇(𝒙) 

(d)- 𝒍𝒊𝒎
𝒙→𝟐

𝒇(𝒙) 

           Identify each limit or state that it does not exist 

(a)- 𝒍𝒊𝒎
𝒙→𝟎−

𝒇(𝒙) 

(b)- 𝒍𝒊𝒎
𝒙→𝟎+

𝒇(𝒙) 

(c)- 𝒍𝒊𝒎
𝒙→𝟎

𝒇(𝒙) 

(d)- 𝒍𝒊𝒎
𝒙→𝟐−

𝒇(𝒙) 

(e)- 𝒍𝒊𝒎
𝒙→𝟐+

𝒇(𝒙) 

(f)- 𝒍𝒊𝒎
𝒙→𝟐
𝒇(𝒙)                                     

(g)- 𝒍𝒊𝒎
𝒙→−𝟏

𝒇(𝒙)                                  (h)- 𝒍𝒊𝒎
𝒙→𝟏−

𝒇(𝒙) 

 

𝑸 𝟕

𝐩𝐞𝐠𝐞 𝟕𝟕
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P a g e 5 (0508874073) Math Teacher: EYAD ALI ALKOUD 

 

Given  

 

Use the graph of 𝒇(𝒙)to answer the following  

(a)- 𝒇(𝟏) = 

(b)- 𝒍𝒊𝒎
𝒙→𝟏−

𝒇(𝒙) = 

(c)- 𝒍𝒊𝒎
𝒙→𝟏+

𝒇(𝒙) = 

(d)- 𝒍𝒊𝒎
𝒙→𝟏

𝒇(𝒙) = 

(e)- 𝒇(𝟐) = 

(f)- 𝒍𝒊𝒎
𝒙→𝟐
𝒇(𝒙) = 

(g)- 𝒍𝒊𝒎
𝒙→𝟎

𝒇(𝒙) = 

 

    Indicate whether the following statements are true or false. Justify your answer. 

(a)- 𝒇(𝟒) is undefined 

(b)- 𝒇(−𝟏) = 𝟏 

(c)- 𝒍𝒊𝒎
𝒙→−𝟏−

𝒇(𝒙) = 𝟏 

(d)- 𝒇(𝒙) is continuous at 𝒙 = −𝟏 

(e)- 𝒇(𝒙) is continuous at 𝒙 = 𝟎 

(f)- 𝒇(𝒙) is continuous at 𝒙 = 𝟏 

(g)- 𝒍𝒊𝒎
𝒙→𝟎

𝒇(𝒙) = 

  
 

   

𝑸 

𝐩𝐞𝐠𝐞 
 

𝑸 

𝐩𝐞𝐠𝐞 
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P a g e 6 (0508874073) Math Teacher: EYAD ALI ALKOUD 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑸 

𝐩𝐞𝐠𝐞 
 

𝑸 

𝐩𝐞𝐠𝐞 
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P a g e 7 (0508874073) Math Teacher: EYAD ALI ALKOUD 

Fourthly Graph a Function 

Sketch a graph of a function with the given properties. 

              𝒇(−𝟏) = 𝟐,  𝒇(𝟎) = −𝟏,  𝒇(𝟏) = 𝟑   𝒂𝒏𝒅 𝒍𝒊𝒎
𝒙→𝟏

𝒇(𝒙) 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒆𝒙𝒊𝒔𝒕 

 

 

 

 

 

 

 

 

              𝒇(𝟎) = 𝟏,   𝒍𝒊𝒎
𝒙→𝟎−

𝒇(𝒙) = 𝟐 , 𝒂𝒏𝒅 𝒍𝒊𝒎
𝒙→𝟎+

𝒇(𝒙) = 𝟑 

 

 

 

 

 

 

 

 

 

 

𝑸 𝟐𝟑

𝐩𝐞𝐠𝐞 𝟕𝟕
 

𝑸 𝟐𝟓

𝐩𝐞𝐠𝐞 𝟕𝟕
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P a g e 8 (0508874073) Math Teacher: EYAD ALI ALKOUD 

fifth  A Case Where One-sided Limits Disagree 

            Evaluate  𝒍𝒊𝒎
𝒙→𝟐

𝒙−𝟐

|𝒙−𝟐|
 

 

 

 

 

 

 

 

              Evaluate  𝒍𝒊𝒎
𝒙→𝟏

|𝒙+𝟏|

𝒙𝟐−𝟏
 

 

 

 

 

 

 

 

 

 

 

 

 

𝑸 𝟐𝟏

𝐩𝐞𝐠𝐞 𝟕𝟕
 𝒇(𝒙) =

𝒙 − 𝟐

|𝒙 − 𝟐|
 

𝑸 𝟐𝟐

𝐩𝐞𝐠𝐞 𝟕𝟕
 

𝒇(𝒙) =
|𝒙 + 𝟏|

𝒙𝟐 − 𝟏
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P a g e 9 (0508874073) Math Teacher: EYAD ALI ALKOUD 

Sixthly Approximating the Value of a Limit 

                  Evaluate: 𝒍𝒊𝒎
𝒙→𝟎

𝒕𝒂𝒏𝒙

𝒙
 

 

 

 

 

 

 

 

 

                   Evaluate: 𝒍𝒊𝒎
𝒙→𝟎

𝒆
−
𝟏

𝒙𝟐 

 

 

 

 

 

 

 

Notice:  

Assessment: Please go to the link and solve the assessment 

https://forms.office.com/r/vXKMMTQA55 

 

𝑸 𝟏𝟕

𝐩𝐞𝐠𝐞 𝟕𝟕
 

𝑸 𝟏𝟓

𝐩𝐞𝐠𝐞 𝟕𝟕
 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝒕𝒂𝒏𝒙

𝒙
=   𝒍𝒊𝒎

𝒙→   + 

𝒕𝒂𝒏𝒙

𝒙
=   

𝒍𝒊𝒎
𝒙→𝟎

𝒕𝒂𝒏𝒙

𝒙
 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

𝒇(𝒙) 𝒙 

  

  

  

  

 

 

 

 

 

 

 

 

For 𝒙 <   For 𝒙 >   

𝒍𝒊𝒎
𝒙→   − 

𝒆
−
𝟏

𝒙𝟐 =   𝒍𝒊𝒎
𝒙→   + 

𝒆
−
𝟏

𝒙𝟐 =   

𝒍𝒊𝒎
𝒙→𝟎

𝒆
−
𝟏

𝒙𝟐  

https://forms.office.com/r/vXKMMTQA55

