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3 Juall) 4l cililatial Jsa E0T3 Exam Coverage

120 100 5 MCQs 25 12 Advanced | Math
2wl (e Jial sl
Qo] ~~~~~~~ LeaningOutcome™ [ Example/Exercise | Page |
1 Find the area between two curves using definite integrations (5-10) 414
2 Compute the area of a region using definite integration with y as a variable (19,20,22,24) 414
3 Compute volume by means of definite integration using areas of cross sections (1-4) Not writing exercises 429
4 Find the volume of a solid of revolution using the method of disks (17a,19a,25a+b) (27b+c,28a) 430-431
5 Find the volume of a solid of revolution by using the method of washers (17b,18,19b,20,25c+d+e+f) 430-431
(27a+d+e+f,28b+c+d)
6 Find the volume of a solid of revolution by using the method of cylindrical shells (1,2) Not writing exercises-- 438-439
(3-8)
Find arc length in a given interval using definite integration (5-10) 446
Find surface area of a solid of revolution using definite integration (29-36) 447
9 Solve mathematical problems involving applications on arc length or surface area (23,24) 447
10 Solve physical problems involving velocity (1-4) 455
11 Solve problems on projectiles (17-23) 456
12 Compute integrals using direct computation and rules (3-10) 489
13 Compute various interlays using integration by substitution (14,16,19-24) 489
14 Compute integrals using completing a square before integrating (11-13) 489
15 Use integration by parts to compute definite and indefinite integrals (1-6,23,24) 496
16 Use integration by parts to compute definite and indefinite integrals (19-22) 496
17 Integrate functions of the form sinn(x) cos"m(x) (1-8) 507
18 Integrate functions of the form secAm(x) tan”n(x) (9-16) 507
19 Integrate trigonometric functions using the substitution x=a sin(y) (21-26) 507
20 Integrate trigonometric functions using the substitution x=a tan(y) (33-41) 507
21 Integrate trigonometric functions using the substitution x=a sec(y) (27-32) 507
22 Integrate rational functions using partial fractions in different cases (1-12) 516
23 Learn differential equations of the form y'=ky and their general solution (1-8) 533
24 Solve problems involving differential equations of the form y'=ky satisfying an (28-30) (31,32) 534-535
indicated initial condition
25 Find the general solution of separable differential equations of first order (5-16) 544
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Find the area between two curves using definite integrations (5-10) 414
Compute the area of a region using definite integration with y as a variable (19,20,22,24) 414

In exercises 5-12, sketch and find the area of the region deter- mined by the intersections of the curves

x
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In exercises 19-26, sketch and find the area of the region bounded by the given curves. Choose the variable of
integration so that the area is written as a single integral. Verify your answers to exercises 19-21 with a basic

geometric area formula.

19. y=x,y=2-xy=0

1
Area = / [(2—y) - yldy
0
1

= L [2 - 2yldy

= (29—
=1-0=1
0 0.5 1 1.5 2

Area of triangle = 5 (base)(height)

=1 ()-0)=1

20. y=x,y=2,y=6-xy=0

2

Area = / [(6 —y) —yldy

= A (6 — 2y)dy

= (6y—2?),
=(12—4) - (0—0)
=3

]

(-]
-
2]
o
IS
w
o

Area of Trapazium = % (a + b)(h)
=1.(8)-()=38
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22, x=3yx=2+1"
2

Area — / By (21 y7)]dy
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4. x=yx=4

2 2
Area = / (4—y*)dy = 2
2 3
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(27a+d+e+f,28b+c+d)

Compute volume by means of definite integration using areas of cross sections (1-4) Not writing exercises 429
Find the volume of a solid of revolution using the method of disks (17a,19a,25a+b) (27b+c,28a) 430-431
Find the volume of a solid of revolution by using the method of washers (17b,18,19b,20,25c+d+e+f) 430-431

In exercises 1-4, find the volume of the solid with cross- sectional area A(x).

1. Ax)=x+2,-1<x<3
V=/1A(.r)d1:=/_l(_r+2)d1r

L= (9)-G-)

2. A(x) =10e"",0 < x <10
10 10
V= ] 10" dz = (1000€”1*)
0

= 1000(e"! = 1)

0

4. Ax)=2(x+1)%1<x<4
4

sz 2(x + 1)%dx
1

4
= / (2;172 44+ Q)d.'r. =78
1
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Axis of
revolution yods
x-axis g 2 2 e y-axis 3
o V=m f (R(0)? - r(®))?dx | y=0 e V=n f (R(y))? - (r(y))*dy | x0
™
E .2 -’)
b 3 [ B
S V= nf (k — R(X))? — (k — r(x))2dy 72 | |@
'E a > e 2 2
S + v_n’u R())? - (L - r(y))*dy
ba = e
=k =L
a - X=-4
v:nf(mn—kf~(ﬂn—kfm d
: a W n’ (R(y) - L)? - (r(y) - L)*dy

In exercises, 17-20, compute the volume of the solid formed by revolving the given region about the given line

17. Region bounded by y = 2— x, y = 0 and x = 0 about (a) the x-axis; (b) y=3

(a) the x-axis;

(a) V = ?r/:(Z — )2dz

()

2

b)y=3

wjvzwﬁﬁf—
?r/; 9 {1+2)%]dz

{3—(2- ;5)}2} dx

0
Gl : (1+2)?)
= — =7 [9z|5 —
3 30
3 _ 13
_ 18—3 1 :28?r
3 3

18. Region bounded by y = 2% y = 4 —x? about (a) the x-axis; (b) y =4

(a) the x-axis;

V2

V=rn j [@-x?) () ]ax

(b)y=4
VvZ

—/2

[ 64v2
|73

Venr / (4—?)° = () da
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19. Region bounded by y = \/; y=2and x = 0 about (a) the y-axis; (b)x=4

(a) the y-axis,

(a) V= w,[) (v*)*dy = W/ﬂz
()

y'dy

327
0 5

(- L8[

5 3 J 6

32 64
=r|{-=4+—)-=(0+0
(-2+%) 0]
224w
T 15

(a) the y-axis, {b}‘-_‘r —
1 1 1 1
Vz”[(‘l;)ld-"'”j(-"z)zdy b) V=x[0—3*)dy—= [ O— )’dy
e / /
2 5 1
=F{_‘l"7“l* ] =7rf(y4 Qyz—y—l—Q\/?) dy
z 5 10 ° 1
v® 2y y? | ay®
”[%‘%) :“(?*T*§+ 3 )|
- o 1 2 1 4N 11w
s - §—§—§+§) 30
10
25. Let R be the region bounded by y = 4 - 2x, the x-axis and the y-axis. :
Compute the volume of the solid formed by revolving R about the 1
given line.
(a) the y-axis (b) the x-axis
2
4 4 B 2 : : 2
B} V= /7r y) . (b) V= [ n(4—2z)%dx
0 - (.)
. 2
e -7—1—-/(1(5—8(/—:— 1/2)(111 = & /(16_ 162 + 4a )‘1"
0 ¢ ) 3 2
(3 . (/3 . . G 6 x" : 4z
4 3 le A 0
i 16% . i 32 327
= / — = 32—-32+ —| = —
- 1—[64-—-64-+-7—] = —— . [ g ] 3
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(y=4 (d) y=-4
2 il 2 i 2 2
V=_£fr(4) d.x—%/r(lx) dx d) V= /H(S_ 9r)2ds — /‘ﬁ(~l)211.l
0 0
= ﬂj(16—4k'3)t1.\' — :/ (64 — 322 + 42* — 16)dx
0 0
37 . 22 44377
=7T[16X—4L} =% [»lu - 32—2— 4 ._3._]
3 A 0
:,{32_2}@ = [%_(,H%_ﬂ] o 1
() x=2 () x==-2

1 9
(e) V =/n(’2)2¢ly—/r.(%)‘([y f) V= /:(S:y) dy — /:(2)2(1_1/

0 0 0 0
i

1
g 64 — 16y + y*
= 7.'/ (-l— y—')l!y = ﬁ/(#—l)d{/

0 0
> X 1

374 = 2 3
=7 |4y — l vy = - [(My - l(i!_l—) + l—’-— - l(iy}
’ i 3], 4 2 3 o
. Qs 64 2567
=7.'[l(.i—£]=ﬁ =K[G‘l+'—]= ),T
3 3 3 3

27.Let R be the region bounded by y = x2,y =0 and x = 1. Compute the volume of the solid formed by revolving R
about the given line.

a-the y-axis b-the x-axis
1 5 1 1 )
V:J‘oﬁ(l)-dv_foﬁ(ﬁ)z(b' 'b) V=[ 7 ()% de
0
1 511
=7, A-»)dy N
.[0 Y ™5 0 B
|
Y- g
2] -2
2 2
0
c-x=1 d-y=1
1 1 bl ¢l 2.2
() V= / 7 (1= vy)’ dy V= [yr)de— 70— ds
/ﬂl(l 2"/ +y)d (22 - x*) dix
=T -2 - [t =T ZX° =X [
g A Yy Yy ly Jo |
4 32 !/2) x 2 5 7
=7r(1/——u + — = — _ - 3 X 7-’.’?’
VAT (0-2) -z
3 5 0 15
e-x=-1 fy=-1
ARSI ) 1
- N2 Ay — N2 v 3 2 2y
V—-J.O/T(-) dy .[,1(1+,/_T) d V=[ 763 +1ds
a1 4 A g
=/r|0(3—2}'1" —1)d\ jo”(l) "
5 <t =7r.|.;(x4+2x2)d\'
I (. I (P : :
¥ ) e S ESER)
0 3" 3 i 15
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about the given line

28.Let R be the region bounded by y = x, y = —x and x = 1. Compute the volume of the solid formed by revolving R

a- the x-axis

1
(a) V=f rrlde = 2
0 3

b- the y-axis
0

(b) V=/ m[1—(1+y)*]dy
=5

1

+/07r[1—(1—y)2]dy

_ 2 27 4w
a8 &
C-y:l d'y=—1
1 1
(c) V=L ml(1+2) = (1—2)"] de @ V=] n[1l+2)-(1-2)]de

6 Find the volume of a solid of revolution by using the method of cylindrical shells

(1,2) Not writing exercises--
(3-8)

438-439

Inexercises 1-8, sketch the region, draw in a typical shell, ider tify the radius and height of each shell and compute the volume.

1. The region bounded by y = x* and the »axis, -1 <x <1,

revolved aboutx =2

1. Radius of a shell: r =2 —
Height of a shell: h = z2

1
V:f 27(2 — x)rdr
1

revolved about x = -2

2. Radius of a shell: r =2+ =
Height of a shell: h = z?2

1

8

V= / 2w (2 + I)I2d$ = —;T
1

2. The region bounded by y= 1% and the xaxis, -1 <xr <1,

n b
V= lim ; 2rcf(c;) Ax = /

2r x

radius

fx)
N’

height

dx.

thickness
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3. The region bounded by y=xy=-—xand x=1 4. The region bounded by y=x,y=-xand x=1
revolved about the y-axis revolved aboutx =1
3. Radius of a shell: + =« 4. Radius of a shell: r =2 — z.
Height clz)f a shell: h =2z Height of a shell: h = 2z.
1
. . 8
4 :/0 2mr(2z)dx V= / 2m(2 — x)(2x)dx = ?ﬂ
_dm g am ’
37, 3
1.Dt
= 05
|J.5E E
3 5,
m oo 0.5 075 1)0
D-C§ T T T [T T Iol.sl TT Io.lml TT |“J _0_55
5. The region bounded by y= y/x2+1and y=0,0<x< 4 6. The region bounded by y=1* and y=0,-1<x <1,
revolved about x= 0 re- volved about x = 2
5. Radius of a shell: = = 6. Radius of a shell: r =2 — z.
eight of a shell: h = f(z) = V2?7 + L. Height of a shell: h = f(z) = 2.
1 1
V= [ 2rzvVa?+ ldr VZIQ'N(Q—:E) Lﬂzdfl::%r
21
%
— f 20 /7% + 1da ]
(262 nt[! |
2(x= +1)7 29 3
— . ) == [an® 1]
~ 144.7T07T6 Y
X
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7. The region bounded by x> + 4> = 1 revolved about y =2 | 8. The region bounded by x* + y* = 2y revolved about y = 4
7. Radius of a shell: + =2 — 4. 8. Radius of a shell: r =4 —y.
Height of a shell: h = f(y) = 2/1 — 2. Height of a shell: h = f(y) = 24/4 — 3%
1 2
V= [ 2-n2/I= Py V= -2V
1 _22
1
=4«..rf 1—y)V/i— %
:4ﬁ/(2_y}1fl_y2dy _2( v) y-ay
] 2 2
1 1 -9 sﬂfﬂdy—znfyﬂdy
:87r/ 1 — y2dy — 41r/y\f1—y2dy 22 e
J ) =2 (8 (27)) — 0 = 3277
_ ™ o — 4.2 G
=167 () —0 =4r =
|IIII|III“‘f:IIII|IIII|

Find arc length in a given interval using definite integration (5-10) 446
Find surface area of a solid of revolution using definite integration (29-36) 447
9 Solve mathematical problems involving applications on arc length or surface area (23,24) 447

arc length ’ g surface area b
g s=| 1+((j—;) dx S = 27f(x) \/1 + [f"(x)]? dx,

a

In exercises 5-14, compute the arc length exactly.

5 y=2x+1,0<x<2 6. y=ln(secx)betweenﬂ5:r5§
5. This is a straight line segment from (0,1) to 6. s — ! ; 72 i
(2,5). As such, its length is CET _/:, \ + T—="
s=v(5-1)2+(2-0)2 :/‘ L,
= V30 =25 Sviee
= (sin”! :1‘)}1_1 ==

Mr. Abdulkader Amro (0566028336)
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7. y=4¥2+11<x<2 8. y=1("+e),0<x<1

7. y'(x) = 62'/2, the arc length integrand is
\/1+ I‘)_\/1+3GI 1 - —
Let u =1+ 36z then 8'5;]” Vi+(e™—e ) dz

s—/ V1 + 36zdx i
=/ Ve — T+ rde
du 0
- l ﬁ(@) =~ 3.056
— 2 /'.’73
“3(36)”3 -
=%(73\/ﬁ-37\/§)
~ 7.3824
_ 1 1 1 1
B.y_Ixz--lnx,lgxt_:Z 10 y=_r+5,1<x<3
9 1
T e (Y 10. y'(z) = 5(a* +27)
4 ‘2z 2 r

(:2-2+%) S_/ \/1+ Iz+_)d.

o
-1(#+2+3) i
= — = da

LA — 2
12 z ~ 5.152
O 1
8 = 5[ (.l'+ ;—)d.l'
1 (z* .
=3 (IT lnr)
- = 1
= l) (—: +In 7)
== 1.0965

23. A rope is to be hung between two poles 40 meters apart. If the rope assumes the shape of the catenary

=10(e* + ¢*/%%), -20 < x < 20, compute the length of the rope.
23. Horo f(z)= (_?/ 20 4 (,—z/zo) ™

= f(z)= % ((,r/‘.’O T C—:/zo) §= / % (01/20 ” (.’—I/ZO) Hioe
1+ (f' (I))Z i (i (C,/go B 0—1/20))2 2(—)20

1 2 3 =/(Cr/’2O+C_;/20)dI
. (5 (gf/'-’O 4 (,—1'/20)>

0
Now, =920 ((,1'/20 —1'/20)'
20 (e — e~ ') &~ 47.0080

Mr. Abdulkader Amro (0566028336)
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24. A rope is to be hung between two poles 60 meters apart. If the r.ope assumes the shape of the catenary
y = 15(e¥/% 4+ ¢*/*%), —30 < x < 30, compute the length of the rope.

30 1 2
2. 5= / 14 |2 (ex/30 — e-2/30) | da

[odfem e

30
-l > /
= (15(;?/30— 15¢ ”“)

—30

= 30e — 30e~! =~ 70.51207161 ft.

In exercises 29-36, set up the integral for the surface area of the surface of revolution and approximate

the integral with a numerical method.

29. y=1x20 < x < 1, revolved about the x-axis

1
S=‘27rf yds
/o
:2‘}1'/ 3/ 1 + (2z)%dx
0

~ 3.8007

30. y=sinx, 0 < x < &, revolved about the x-axis

w
S:f 2rsinzy/ 1 4+ cos? xdx
0

7 14.42360

31. y=2x—x%, 0 < x < 2, revolved about the x-axis

2

=2 '/.n yds
.,0
= Q?Tf (2z — .1‘2) 14 (2 —22)%dx
(1]

= 10.9654

n

32. y=1x" - 4x,-2 < x < 0, revolved about the x-axis

0
S= [ 2r(z*—4z)\/1+ (327 —4)%dx

-2

=2 67.06557

33. y=¢,0 <x <1, revolved about the x-axis

1
S=2r[ yds

o
1
= 27.'] e 1 + e2rdr =5 22,9430
(1]

34. y=Inx, 1< x < 2, revolved about the x-axis

2
S =/ 27.'111_{.-.1!1 - de;r

== 2.86563

35. y=cosx, 0 <x < x/2, revolved about the x-axis

w/2
S= '2/7/ yds
0
7 /2
= ‘271'/ coszV 1 + sin® zdx
0

~ 7.2117

36, y= \/,‘l._', 1 < x <€ 2, revolved about the x-axis

2 1
S = / 2wz /1 + —dr ~ 8.28315
1 dx

Mr. Abdulkader Amro (0566028336)
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10 Solve physical problems involving velocity (1-4) 455
11 Solve problems on projectiles (17-23) 456

In exercises 1-4, identify the initial conditions y(0) and y" (0).

1. An object is dropped from a height of 80 ft. 2. An object is dropped from a height of 100 ft.
y(0) =80,4'(0) =0 y(0) = 100,y'(0) =0

3. An object is released from a height of 60 ft with an upward 4. Anobjectis released from a height of 20 ft with a downward
velocity of 10 ft/s. velocity of 4 ft/s.

y(0) = 60,/(0) = 10 y(0) = 20,y/(0) = —4

17. Anobject islaunched atangle @ = x /3 radians from the hor- izontal with an initial speed of 98 m/s. Determine the time
of flight and the horizontal range. Compare to example 5.4.

9%““9

b

3

&

The starting point is

y" = —9.8, y'(0) = 98sin(x/3) = 49v3.

We get y(t) = —4.9t% + ty'(0)

= —4.9¢t(t — [v(0)/4.9])

= —4.9t(t — 10V3)

The flight time is 10v/3. As to the horizontal
range, we have z’(t) constant and forever equal
to 98 cos(w/3) = 49. Therefore z(t) = 49t and
in this case, the horizontal range is 49(10v/3)
(meters).

18. Find the time of flight and horizontal range of an object launched at angle 30° with initial speed 40 m,u." s. Repeat with

an angle of 60°.
Here y' (0) = 40sin (%) =20 Therefore o Therefore
£ z (t) = 20v/3t and y(t) = —4.9¢% + (34.6410) ¢
f}‘te(’ef;”& gl (;)0)= —4.9t% + 20t z (4.082) = 20 (1.7321) (4.082) = 141.3919 = y(t) =t (—4.9t + 34.6410)
i . 20 Repeating the same for the angle 60° = the time of flight =t = 46410 = 7.0696
= the time of flight =t = — = 4.082 7(0) = 40sin (T = 34.6410 4,
4.9 ¥ (0) = 40sin (5) = Now, for the horizontal range z ()

Now, for the horizontal range z (t) y T

P t)=40cos (=) =20
I'(t):40005(—):‘20\/§ < {8 CO§(3)

8 Therefore x (t) = 20t and
x (7.0696) = 20 (7.0696) = 141.3919

Mr. Abdulkader Amro (0566028336)
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19. Repeat example 5.5 with an initial angle of 6°. By trial and error, find the smallest and largest angles for which the

serve will be in.
This problem modifies Example 5.5 by using
a service angle of 6° (where the Example 5.5
used 7°) and no other changes. Here the serve
hits the net.
Next we want to find the range for which the
serve will be in.

If # is the angle, then the initial conditions are
z'(0) =176 cos @, z(0) =0
y'(0) = 176sin6, y(0) = 10

Integrating z”(t) = 0 and y"'(t) = —32, then
using the initial conditions gives

2'(t) = 176 cos f

z(t) = 176(cos )t

y'(t) = —32t + 176sin 6

y(t) = —16t% 4+ 176(sin §)t + 10

To make sure the serve is in, we see what hap-
pens at the net and then when the ball hits
the ground. First, the ball passes the net when
z = 39 or when 39 = 176(cos #)t. Solving gives

39 . .. .
ti= m Plugging this in for the function

y(t) gives
39
¢ 176 cos 6 )
30 'V
el (176('059)
. 3
+ 176(sin 6) 176 0) + 10
1521
= —mscc 6+ 39tanf + 10

We want to ensure that this value is greater
than 3 so we determine the values of # that give
y > 3 (using a graphing calculator or CAS).
This restriction means that we must have
—0.15752 < 6 < 1.5507

Next, we want to determine when the ball hits
the ground. This is when
0 = y(t) = —16t> + 176(sin )t + 10
We solve this equation using the quadratic for-
mula to get

_ —176sinf £+ V1762 sin” 6 + 640

- -32
We are interested in the positive solution, so

176sin 0 + /1762 sin® § + 640
t=
32

Substituting this in to
z(t) = 176(cos )t gives

x =44cosf (225in6 +V484sin?  + 10'

We want to determine the values of # that en-
sure that z < 60. Using a graphing calculator
or a CAS gives 6 < —0.13429

Putting together our two conditions on # now
gives the possible range of angles for which the
serve will be in:

—0.15752 < 0 < —0.13429

20. Repeat example 5.5 with an initial speed of 170 ft/s. By trial and error, find the smallest and largest initial speeds for

which the serve will be in.

In these tennis problems, the issue is purely
geometric. Time is irrelevant. One can obtain
valuable information by eliminating time and
writing y as a function of x. For example, with

service angle of # (in degrees below the hori-
zontal), initial speed vy, and initial height A,
one has

y(t) = —16¢t* — tvosiné + h,
x(t) = tve cos @, and hence
—16x2 - sin @
P 7 2 @ sin .-~

v2 cos? 6 cos 6

Now one could put @ = 60 (the serve would be
in if £(60) < 0), or put = 39 (the serve would
clear the net if f(39) = 3. If one were to set
f(60) = 0 and solve for vo. one would obtain
a critical speed (call it v;) for the given (h,8),
above which the serve would be out. Solving
f(39) = 3 one would obtain a second critical
speed (call it v2), below which the serve would
hit the net. Below we tabulate v; and v, for
h = 10 and selected values of 6.

In the 7° line. we see that it would be neces-
sary to reduce the service speed to 149ft. /sec.
to get it in, and the net would not be a prob-
lem. The 7.6° line has these interesting fea-
tures: the service at 176 ft. /sec. is out, whereas
the service at 170 ft./sec. is in.

h iz vy v
feet degrees ft /sec ft /sec
10 7.0 149.0 105.7
10 7.6 171.5 1174
10 80 193.6 127.8
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21. A baseball pitcher releases the ball horizontally from a
height of 60 ft with an initial speed of 130 ft/s. Find the
height of the ball when it reaches home plate 60 ft away.
(Hint: Determine the time of flight from the x-equation,
then use the y-equation to determine the height.)

O 130 fU/s

Let (z(t ) y(t)) be the trajectory. In this case
y(0) =6,2(0) =
() =0 0=

z(t) = 0 '(t)

z(t) = 130t

This is 60 at time ¢ = 6/13. Meanwhile,

y'(t) = —-32,¢'(t) = —32t

y(t) = —16t*> + 6

6 &\* 438
y(ﬁ)‘““(m) +6= 160
6 [ 4
y(ﬁ),\,lagft-

22. Repeat exercise 21 with an initial speed of 80 ft/s. (Hint: Carefully interpret the negative answer.)

If the initial speed is now 80 ft /s, the equations
become

z(t) = 80t

y(t) = —16t% + 6

The ball crosses home plate when = = 60, or
when ¢ = 3/4. At the home plate, we then
have,

y(3/4) = —16(3/4)% + 6 = -3

In other words, the ball i1s *under” the ground
and the ball hits the ground before reaching

23. A baseball player throws a ball toward first base 120 ft away. The ball is released from a height of 5 ft with an initial speed
of 120 ft/s at an angle of 5° above the horizontal. Find the height of the ball when it reaches first base.

Let (z(t).y(t)) be the trajectory. In this case
5° is converted to /36 radians.

y(0) = 5,2(0) =

y'(0) = 120sin Z ~ 10.46
2'(0) = 120 cos 2= ~ 119.54
z"(0) =

/() = 110.54

z(t) = 119.54¢

This is 120 when

t =120/119.54 = 1.00385...

Meanwhile,

y'(t) = —32

y'(t) = —32t + 10.46

y(t) = —16t% + 10.46t + 5
y(1.00385) = —16(1.00385)*
+ 10.46(1.00385) + 5
y(1.00385) ~ —.62 ft

Mr. Abdulkader Amro (0566028336)
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+1
/x'dx= x +c,
r+1

/sinxdx:-cesx-i-f
/scczxdx:tanx+r
/csczxdx= —cotx+c

/ fdv=e¢"+c¢

/lunxdx =—In|cosx| +¢

1 dx=tanlx+4c
1+x2

-

forr # =1 (power rule)

;._ dx=In|x|+¢ forx#0
cosxdx =sinx+c
secxtanx dx =secx+ ¢
cscxcotx dx = —cscx+c¢

/ e¥dx=—¢"+¢
1

dx=sin""x+¢

— Y Y —

1
V1 —x2

dx=sec ' x+c

/lxn/;ZT

[tanxdx = - Inltosxl +c= !n[;ecxl-b c =’ [

I colxdx = lnlsinxl +c
f
| | secxdx = In|secx + tanx| + ¢ =
i

J’cscx dx = In|csex ~ cotx| + ¢
fse&xdx: tanx + ¢ =

fcs«:’xdx = —COtX + € =

jsecx. tanxdx = secx + ¢

f d'-lt"x+
= x—m. an (m) c

[ S—
¢+ bx + ax?

—_——dx =
Ve + bx —ax?

g 1
= jcsc(ax +b)dx = ;lnlcsc(ax + b) - cot(ax + b)| + ¢

S s — iy
tan(ax + b)dx = —‘—,ln]cos(ax+ b)|tec= ‘—l{uhcc(ax +b)l + v}
]

‘ 1
| fcot(ax +b)dx = ;lnlsln(ax +b)l+¢

1 |
fset(ax +b)dx = L-lnlser(ax +b) + tan(ax + b)| + c|

1
-!secz(ax +b)dx = ;tan(ax+ b)+ ¢

1 {
jcscz(nx +b)dx =~ ml(ax + b) +c

= jsec(ax + b) lan(a.t +b)dx =~ 7 5ec (ax+ b))+ ¢

= =4 i
f 1+ x;dx tan " 'x + c‘

e i
dx=sm Ix + ¢

du—\'u-i-c,

ZJ_ ,

Math Grader 12 Advanced

12 Compute integrals using direct computation and rules (3-10) 489
13 Compute various interlays using integration by substitution (14,16,19-24) 489
14 Compute integrals using completing a square before integrating (11-13) 489
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evaluate the integral.
b
1 1 1 4. J' dx
N (R W W S - P W s
3 -3 2 \a ‘
e )

Let u =l.a’u =ld.\' "
a a

j—l—’-du =sin” (u)+c
\]l—u‘

a2 X
=Ssin 1(—J+c.a>0.
a

X 1 ‘
Let u =—.du =—dx and |au| = |x|.
a a

= [#du

" au Nu® -1

:ij—n’u

1
a5 |u Nu: -1

b
=—sec‘1(u)+c

|a|

b X
:—sec'l(l]+c.a>0.

|a| a

1
5. ISill(GI)(fI = . cos(6f)+c¢

1
6. [ sec2rtan 2z df = —sec 2t +c

7. [P+ =[x +8x7 +16)dx 8. [x(x®+)ldv=[(x°+8x +16m)dv

5 6

:L+§x3+16x+c Xt s ve
5 3 6
3 3. x 2 1
9. = dx="tan' > +¢ 10. —dx=—tan ' x+¢
16 +x~ 4 4+ 4x° 2
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1
11. j = dx 12. J' x+l
3-2x—x 3-2x
1 [ x+1 “2(x+1)
:j—jdx:arcsm +c I dx
\/4—(-\'+1)~ 1/4 (x+1)
1
=——4-(x+)’1" +C
:7,/47(“1)2 +c
: ¢ dx+4
B [ 4 [—
54+2x+x° S S+ 2x+x
1 B af x+1 2(x+1) _
4J4+(\.+1)2 dx = 2tan ( 5 ]J"" =7[(—d1 2In 4+(x+1}2|+c
' ' 4+(x+1)°
4 )
16. /# :/L—Zl}dt 19. /_I.If\“ + x2/3) dx
t«+2t 44 (t+1)°"+3 :
:%1n|(t+1)2+3‘+c Letu=1+x>", du=%\'”d\
2 3
. 4 3%¢. .
‘—l‘—‘}d‘ =-‘i l |U ldll
B i | 5 g 2)°
=6lnlu/+C=6In |1+ +¢
2 <in\/;
20. /mdx 21. \/}_ dx
Letu=1+x%, d“zix—lﬂlﬁidx Let u=+x.du= : dx
N
(= 2 4
dx = dx
14 A4 3/4
< ol = (1+x7) s
” |—J_dx = ’J.sm udu
:’( ]J.u 1du——ln u|+C ‘J_
3
=—2cosu+C=—2cos«E+c‘
=§h1 I+x7* |+
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22. / M dx 23. / cos xe''™ dy
.1'2 0
Let u=2L du=—Ldx Let u = sin x, du = cos xdx
X ' xz
= sinx 0 u

-cos(1/x) . [0 cosxe dx= Io edu=0
l—,dx=—|cosudu -

. 1
=—smmu+C=—-smn—+c

x

x/4
24, / sec” xe'™ dx
0

2 o
Let u =tan x, du = sec” xdx i ? cecxe™ ¥ gy =jle“d:1 = " 1_ e—1
10 0 0
15 Use integration by parts to compute definite and indefinite integrals (1-6,23,24) 496
16 Use integration by parts to compute definite and indefinite integrals (19-22) 496

evaluate the integral.

1. fxcosxdx 2. /xsin4-xdx

Let # = x. dv = cos xdx

Let u# = x, dv = sin 4xdx
s — T o — i 1
du = dx. v =smx. du=dx,v= —ZCOS 4x
J- XCOS xXdx = xsinx — I sin xdx .
jxsmﬁlx dx
=xysinx+cosx+c

1 1
= ——xcos4x—j——cos 4x dx
4 4

1 1 .
=——xCosd4x+—smdx +c.
4 16

3. /xel"dx 4. fxlnxdx
=% ' = XX v
Let u =x, dv=e*dx Letu=Inx.dv=xdx

s S 1 o 2
du = dx, 1 —a i duzldx and v =——.
= X 2
.[ ve**dy = L xe™* — Ilezxd\' | 1
9 2 jxlnx d.\‘z;x” lnx—_[;x dx
= l.\'ez“- —lez"- +cC.
)

1
—— X Inx——x"+c
2
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5. [12 Inx dx

Let u =In x. dv =x%dx

1 1
di==—dxv=—x.
b 3

6. /lnxdx
X
1
Let u=Inz, du = — dz.

/ln_:d_

u? 1
/udu_?+c 5(1111) +e.

1 1
J ‘Inxdy=—x"Inx— j— —d\
3
1
——xInx —:‘[xzdx
1 )
1 1
:—\‘3 nx——x +c.
J
1 T
19. f x sin 2x dx 20. / 2x cosx dx
0o 1]
Let u = x. dv = sin 2xdx Letu=2x, dv=cosxdx
1 du=2dx and v = sin x.
du=dx, v=——cos22x x S x
2 jo 2xcos xdx = 2xsinx |, —2_[0 sin xdx
1 = (2xsinx+2cosx) g =—4.
‘. xsin 2xdx
J0
1
1 el 1
=——Xc082x| — |0 ~—c0s2 dr
- 0 0 4 a— )

1 11
=——(1cos2—-0cos 0) +—j0 cos 2xdx

2 2
1

=——C082+—| —Sin 2x
2 212 0

1 P .
=—:cos?_+1(smz—smo)

1 B &
=——C0s2+—s1n2
E 1
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1
21. [ x? cos mx dx
0
5
!0 X~ cos wxdx

Let u = x2. dv = cos mxdx,

SIN TX
du =2xdx.v= :
V4
1 Sin 7x ; 1sin 7x
2 tlS B
_‘. x° cos rxdx = x° - | 2xdx
0 T g 9 =

2 ¢l
=(0-0)—— j xsin(zrx) dx
a0

29 .
=—— f xsin (rx) dx
x 0

Let u = x, dv = sin(mx)dXx,

du=dx, v= —M.

T
2
—=| xsin(zx)dx
ﬂvo

1
2| xcos(mx)

_jl_cos(:rx) dx
T

T T |y

(_ cos:r_m [5111(71'1)}
T 0

2
T T T

1 1. . 2
{—+—(0—D_)}=— 5
T 7 7"

3|

1
22, / x?edx
0

(P

¥
Let u =x2. dv=e&>dx

e.’ax
du=2xdx, v=
3
1 . x__e?’x - 1 e3x
_‘. ~e N dx = —| —2xdx
0 3 <0 3

. 1 . X
——(e —O)—:Lxe dx.

Let u =x, dv = &%dx,

3x
e
dv=dx,v—.
3
e 2 ¢l :
= _Z| xe®Fax
3 370
1
3 " Ix Ix
21 e le
R
3 3 0 3
3 gk h 3x
e 21l e sle
=———|—|-| —dx
3 3 3 <0 3
1
_e3 2l(é {23‘}
3 3 3 9 0
3 . 3>
e 2lle )
=——Z—|-=E -1
3 3 3
3 4.3 4
e’ e _
=—— +—(33—1)
3 0 27
e 2 2e° 2 5¢° 2
= —— —_ e ———
3 0 27 27 27 27
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Q] ~~~~~ LeaningOutcome™ [ Example/Exercise | Page |
17 Integrate functions of the form sin”n(x) cos"m(x) (1-8) 507
18 Integrate functions of the form secm(x) tan”n(x) (9-16) 507
19 Integrate trigonometric functions using the substitution x=a sin(y) (21-26) 507
20 Integrate trigonometric functions using the substitution x=a tan(y) (33-41) 507
21 Integrate trigonometric functions using the substitution x=a sec(y) (27-32) 507

evaluate the integral.

1. ‘/’msxsin*xdx’ 2. fcosz’xsin‘rdr
Let u# = sin x, du = cos xdx Let « = sin x, du= cos xdx
: 3. -4 5 2\ 4
J.cosxsm4 xdx :J.”er” _[cos xsin” xdx —_[ (1= " du
5
1 5 (- o
=—uw’ +c=—sin" x+c — = 5 T
5 5 7
.5 .7
SiIn” X SIn’ X
= — +c
5 7
x4 x/3
3. [ cgsb—sifhdx 4, cos® 3xsin” 3x dx
=4
]
Let u = sin 2x, du = 2cos 2xdx. Let u = cos 3x, du = —3sin xdx.
S m - (cos® 3x)(sin’ 3x) dx
J.o cos 2xsin” 2xdx Lo / A
1 1 ¢-1 7
L R 1) ut - = ——j 1,13(1—11“) du
=§j.oll du =E|iT:| =g 3 _1‘,,J2-
0
- +-1
B 1| u* uf
3| 4 6 |
- &£

13 7Y 1

3li6 48) 72
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K2
5. [ cos” xsinx dx
i

Let u = cos x, du = —sin xdx

72 2 . 0 5
j.r:r COos” xsinxdx = .[1 u-(—du)

i
b. / cos’ xsinx dx

xf2

Letu =cos x, du = —sin xdx

j cos” xsinxdx =~ I wdu=-1
—m/2 0

7. /cos?(wljdx

J.cos2 (x+1)dx
1 oy
= EI (1+cos2(x+1))dx

1 L —
e= - a1 2 v
= ).x+4(su1_(.x +1))+c.

8. /sin‘ (x - 3) dx
Letu=x—3,du=dx
[ sin* (x=3)dx = j sin*udu

= I (sin2 u)2d1.1

1—cos2u 1—cos2
=I( > )x(' = ")du

- -

1 ?
= JI(I —2cos2u+cos” 2u)

1 1.
=— [1 —2cos2u+ ?(1 +COs 411)}111

3

| S 1
=—u——smu+—cosdu+c
8§ 4

3 1
=—(x—-3)——sin2(x-3
8( )4 (x-3)

1
+;cos 4(x-3)+c.

9. fla.nx sec? x dx

Let u = sec x, du = sec x tan xdx
_[ tan xsec> xdx

2
= f tan xsecxsec” xdx

-

4 1 - 1
= J‘u“du = gu’ +c=—sec’ x+c

-

10. /cut vesct x dx

Let u = cot x, du = — csc2xdx
) 4 4

J‘ cot xcsc™ xdx

= —jcot x(l+ cot’ :")-csc2 xdx

2 A
3 U~ u
= —J(u +w)du=———-——+C
' 2 4
3
cot’x cot?
=— —-—+cC
2 4
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11. frlan3 (x* +1) sec(x* +1)dx
Let u = x? + 1. so that du = 2xdx.
j.\' tan’ (x? +I)(sec(x? +1)) dx
= lj' tan3u(sec u) du

2

= %I[(Sec2 u —1)tanu(secu)] du

Letsec u =1, dif =tan u sec udu

=éj(a‘3 -1) dr=%{§—t:|+c

-

1 secsu
=— —secu |+c¢
2 3

1 1 ‘
= gsec3 (x? +1) - sec(x? +1)+c.

12. [tan{2r+1] sec” (2x+1) dx

Let u = 2x + 1. so that du = 2dx.

I tan(2x +1).sec’ (2x + 1) dx

1 2
= 7 J tanu.secu.sec” udu

1 2
=— j sec” u tan u secudu

Let f = sec u. so that df = tan u sec udu.

1 1Fs
=—jt3dr=— —l+e
2 4] 3

1| sec’u 1 :
=— +c=—sec’2x+1)+c.
2] 3 6

13. f cot® x csc® x dx
Let u = cot x, du = (—csc’x) dx
j- cot’xese? xdx = jcotzx(l +cot? X) cse” xdx

= —I u’ 1+ u’ Ydu

3 5
cotx cotx
_(eotx)® (ot
3 5

14. /cmgxcsczxdx

Let u = cot x, du = (—cscx) dx.

2 2 2
"- cot“xcsc” xdx = —j. u-du

u3 cot3 X

3

Trigonometric

Expression Substitution Interval Identity

\/ﬁ x=asno —% 5,0(1-2 1 —-sin*0 = cos? 0
Vad + x2 x=atané -2 <0<3 1+ tan’ 6 = sec* 0
\/m y=asecl 0€|0, iz) U(%, x| secif -1 =1tan’éd

Mr. Abdulkader Amro (0566028336)
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15. [ tan® x sec® x dx
1]
Let u = tan x, du = sec’xdx

a/4 :
.[0 tan*xsec? xdx

/4
4 2 2
=1, tan xsec” xsec” xdx

/4 4 5 2
=1, tan” x(1+ tan~ x)sec” xdx

a1 5
= 0114(1+u‘)du
7 1 1_}
-1 . uooou 2
= (u4+uﬁ)d:.;=—+— =—
-0 5 7 0 35

x4
16. f tan® xsec®x dx

x4

|
Let u = tan x, du = sec” xdx.

x/4 4 S
I ~ tan xsec” xdx
/4

1

5

u

2
5 5
-1

1
4
=J. lu du=

;dx
¥y 0=yt
T

Let x=35i119.——’f<9<7

dx =3 cos 8dé

J- 1 j'i\'=|~ 3cosd 46

2 /9 _x2 9sin® 63cos @
1

=ljcsc2 0d6 =——cotf+C
0 9

21.

By drawing a diagram. we see that if x = sin 6. then
| B
5

cot@d =

9—x~
Ox

Thus the integral =— +c

22, f;dr
12416 — 2t
T

. 4
Let x=451119.—?<9<7.

dx =4 cos 8d6

1 cos @
X = = de
"‘xz«.h@_xz J.16sin“ Bcos @
1 ¢ 2 1
=— | cse” @d@ =——-cot@+c
16+ 16
\}16—3{2
=———+°¢C
16x
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23, f x dx
V16— x?

Let x =4sinf, so that dx =4 cosf db.
(16sin’ 8)4cos 6

PR
T 16— 16— (4sin6)’

_ ¢ (sin® B)cosE
=64 =
J16—16sin2 @

_ 64[ (sin” 6)cos @

: 4\/(l—sin2 6)

216.‘*5111“ Bcos

de

de

deé

d6=16jsin35de
=16I[1—c3520 }d@

=8| [d6- [ (cos26)d6 |

=8[0—Sm29}+c

2 Lt

=8sin” (l) 16—

=8sin~! '—

4
zq.f Y dx
V9 =2

Let x =3 sin @, so that dx =3 cos 8 d6.

|
X

~ 27(sin’ )

\’9 (3sin 9

sin” @

fm

( sin” 0 ]cost?db"’— 77[5111 6de

=(3cos6) dé

(cos@) de

3sinf— Sm39]d8

2T .r
=T[3~| 51119(16—' sin %Bdﬁ]

3
[ —3co 59+cos 6:]+c

4

=£{ 3cos lrsm 1(2) +COS [sin'l(§)]
- 3 3

}H

2
25. f V4 =xidx
0

This 1s the area of a quarter
of a circle of radius 2,

4-2 3
'D d—x"dx=nm

1
26. f Y
0 4= x?

Letu=4—x°, du=—2xdx
1 x 3 du

a'\'x_

JD 4—x? o 43\{;
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27, / X dx
WVxl-0

Let x = 35-?:5:-&'1 — 3 zec @ tan Bdf.
T
I = ——dT
_Jrr-..-".:!—ﬂ
27 sec? @ zec @ tan
Whsect g — 1
=fﬂ5cc3|?d£'

)

Usze integration by parts.
Let w — sec @ and de = sec? 8d@. This gives

fﬁucﬁﬁ"dﬂ

= soc i tan @ — fﬁecl‘;'lﬁngl‘;'dl?
— sec i tan @ — f:iecﬂ{sncnl? — 1)d@?

— sec i tan # -I—J||r=ier:|‘i'd|?— jr-_-'.ecﬁ-ﬂdl?

— sec i tan # 4 J'rzier:ﬁ"dl?

f&ncsﬂdﬂ

1 1
= ?HEE'I?LEDI?—F Efﬁucl?dﬂ
This leaves us to compute sec fdi.
For thiz notice if ©w = sec® 4+ tan @ then
du — soc @ tan @ 4 sec 8.

sec Fdf
B jr-_-'.ecﬂ[ziccl?-l- tam &) B
o sec @ 4 tan @

1
= —du = In Ju| + c
u

In|sec® + tan @) + ¢

Putting all these together and using

:ieeﬁ":i. t-anH:IT_Eh:
- i::fﬂsmaﬁ'dﬂ
f — 10
0

_ 9y (V29
2{.3) 3
9 |z V2 -0
-I-Eln E-I- 3 +c
W2 -0 0 |4 /ZT -0
=—g —tghl———|*e

28. ’/‘fvxi-iix
Lot u =1 — 1, du = 2xdr
fJ:a-,.-' r? — 1dr

1
_ Ef:*ﬂ,fﬂ_ 1{2r)dx
=%fw+uﬁﬁu

_ lf uE-,l'E 1 ILll_."!' du

2

1 /252 3,372
=§( 5 T3 ]+c

1

= E[.r:F — 137y %{1! — 1 1o
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2
29. f dx
V-1

Let r = 2301:0 dr = 2sec @ tan 0df

/ /4acc()tan0 "
‘/_p’ 2tanf

= /acc fda

~ 21n|2secf 4 2tanf| + ¢

= 21nlr+\/rﬁ—4l+c

:m.f T dx
Vi -4

Let r = 2secf.dr = 2sec @ tan 0df

/ x dj_/4scc20tan9d0
\/:'-’—4 N 2tand

W [V,

\/ip -9 \/-'IP' -9
. dr = drdr
T A2
Let u =412 -9,
1

di = ————81dr'= LSJ'd.t
2v4x2 -9 2u

or udu = 4xdr.

Hence, we have

\/41’1 -~ de

2
—/ ‘gud —/ du

uw+9-9
/u"}{)dﬂ /du /9*9
1
= u— Jtan™ (3)
412 -9
fV*‘IQ—g—thR l(T)+C.

32. f ”21_4.:1:
X

Let x = 2secf.,dr = 2tan @ sec 0df.
/\/1! -4

—

/' EMEE ;’0‘ (2 tan @ scc #) df

2 tan @
~l/l:2w(-mn0gr0ﬁm
s |
K tan odo soc f — ldo
sec

/scc()dl)—/ : —df
soc

/scc(?dO—/cosOdO

= In|sec@ 4 tan @] — sinf 4 ¢

= In iscc [xsec_l (Ig)] b tan [z-loc_l (%)]l
- glsin‘r[asecAl (5)] be i

—~ In ;(3) + tmlI{soc”l (5)”
— sin [:scc_l (3)] + c.
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33. Xy
‘[\.-"9+.l': '
Let x=3tan @, dx =23 sec’ 6dO

- 'rz

-

i ~J9+ ¥
I27tan Osec? 9

\19+9tan g

= j9ta11 GsecHd@

= 9‘[ (scc2 8 —1)secfd6
= 9Iscc39d9 —9[5ec9d9

=%scc3tan5—%ln sec@+tand | +c

E[F }[x)

2 3 3
9 --J9+Jc2 X
— 4+
2 3 3
_xN9+x 9 Ix+y0+x?|
2 2 3 '

34, f X VB 42 drx

Let x =2+/2 tan 6. dx = 242 sec” 646
[ X N8+ x’dx

= [(16v2 tan® 6)(2v2 sec 6)d6

= .' tan Gsec B dB

=64 (sec” 8 —1)(secOtan 8 d6)

= '("2 —1)du =%us —64du+c

=%s¢c3 g—064secf+c

Pt
3| 242 22

V2 _I6JIB Y 4

20
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35.[ 16 + 2 dr :u‘..f L &
yid 422
Let x =4 tan @, dx = 4 sec? 6d6 Let x =2 tan 8, dx = 2sec’ 8d6
¥ X o . - 2 cec?
J\}16+1 dx |#dx= | 2sec Bda
..’4+1 ¢ lsecd

= [16+16tan’ 6 -4sec’ 646

= | secfdf=1In|secO@+tanf | +c

=16 sec’ 646 q
§ L =111|I+ 4 +c
=16 Esmcs'tanm Jseceda ‘ 2
—8mc6tm16+8[sec6d9
=8secfHtanf+8Inlsecf+tan O+ ¢
1
=7xs}16+x3
1 = X
+8In 1\116+x‘ +% +c
1 ;
[ xR 11 = d
3?£ Va2 + 8 dr f —
Let u=x>+8, du=2xdx [
) g '\/3‘2+4A‘
|0x x> +8dx = J M du =l[2x+4_4dx
’ z'x}x2+4x
1 3,.-_3.9_37—16& RTRI7I VR I
—Eu S—T 2 [P iax m
Let u=x>+4x, du=(2x + 4) dx.

R N et

.761_
= -.’(.1'2 +4x)
—.‘-log[(ﬂr2 +4x)+\/(x+2)2 —4]+c
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2
3s8. f1'3v12+9dr
o

Let=3tan @ dx =3 sec’ 8 d@
I= |..1'3-sz +9dx
27 tan’ @sec” 1’5’\39&1112 & +9dx

[
81 [tan2 fsec’ Bdx

=8 lj‘ (sec’ @—1)sec’ Bdx

=8 IJ’ (sec” 6—sec’ B)dx
To compute I sec’@ d6 , we use integration by arts
with u = sec’ 8 and dv = sec’ 6d6.

J‘ sec’6 d@

= sec’ ﬁtanﬁ—j'?:sec} Gtan’ 846

= sec’ Gtan O 3_[5&:.:3 :‘J"(szznc:2 8-1)de

=sec’ ftan & —3I(sec5 6 —sec’ 6)d8

4[sec’ 0d6

=sec’ Otan 0+ 3 sec’ 0d6 [ sec” 6d6

=lse¢:3 t9t21n49+i_fsec3 ade
4 4

To compute J'sec3 8d6 and I sec8d 6 , see Exercise
27.

Putting all this together gives:
I= 81_[ (sec’ B —sec’ 6)dx

=ﬂse¢3 9tant9+£ fsec3 ade
4 4
-81(sec® 6d6
=ﬂse¢3c9mn€—§|‘sec3 ode
4 47
81 81
=Tsec30tan6—?sect9tau6

81
—§h1|sec6’+tan9\+c

We don’t worry about the result being in terms of x
since this is a definite integral. Our limits of
integration are x = 0 and x = 2. In terms of £ this
means the limits of integration correspond to =10

)
and tan@ = § )

=(%sec3 9tan€—%sec ftand

—%h1|sec6’+tan8|J

x=0

CEERGE
2

3
81 81 81 |
_{?(1)(0) —3 VO -—-ln[1+0 IJ

17413 81, [2+413

4 8 | 3

| 8

8y
8
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r‘n

1422

Let x = tan 8, dx = sec?8 d6.

39. dx

L3 3
|I—a'x=j tan” & sec 8d6
’ 'h+l’2 _secﬂ

= [ (tan” @) (tan Osec 8)d 6
Let t=sec 6, dt =tan 6 sec 8 d6.
= [(sec] g —1)tan GsecOd

3
| (¢ —1)dr = %—t +e

sec36‘
= 3 —secd |+c

|
: t X -
- (2“ ) —sec(tan' x) |+c.

x+1

*iﬂ.f

Vi +x?

Let x =2 tan 6, df = (2sec’#) d6.

I- x+1
2tanf+1

[(w]@secz 0)de

dx

]25&:{:2 8da

2secd

= [ (2tan B+1)(sec8)dB
= 2jse-c 5tan6d8+fsect9d6

=2secf+Injsecf+tanf| +c

= 2sec [tan'1 (%H+ In sec[tan'l (

+tan

)

ko | =

+C

I
o
e
[1d
(g}

+In

n
l"b
©
1
—
gl
F——
b | =
—
R
+
-~ =,
b | =
e —
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22 Integrate rational functions using partial fractions in different cases (1-12) 516

In exercises 1-20, find the partial fractions decomposition and an antiderivative. If you have a CAS available,
use it to check your answer.

x—5 5x -2
" x2-1 z x2—4
r—5 _ r—5 5r—2 = 5r—2
?—1 (z+1)(z—1) 24 (z+2)(z-2)
A B A B
= + =+
r+1 r—-1 r+2 x—2
r—5=A(r—1)+ B(x+1) 5r—2=A(r—-2)+ B(x+2)
r=-1:—6=-244=3 r=-2:-12=—44;A=3
r=1:-4=2B;8B=-2 r=2:8=4B;B =2
r—5 __3 2 5 — 2 3 2
2—1 z+1 =z-1 m?—4zm+2+r—2
r—>5 3 2 By — 9 2 9
———dr = — d £ _
/ﬂfz—l ’ /(’-Hl 3:—1) ! /r?—4dr_/(ﬂf—|—2+x—2)dm
=3n|r+1f-2njz-1[+c =3ln|z+2[+2n|z-2|+¢
__6x 4. %
" x2-x-2 'xzas,r—«l ;
xr Hid
bz — bz 22 —3r—4 (r+1)(z—4)
r2—zx—-2 (r-2)(z+1) __A B
A B T+l z—4
= -
r—2 z+4+1 3r=A(r—-4)+ Bz +1)

3
6r=A(x+1)+ B(x —2) z=-1:-3=-54A=¢
r=92:12=34;4=4 r—3:12—=5B:B—= 2
r=-1:—-6=-3B;B =2 >

6 A 5 3z _ 35 125

= + 2 _ —_4 —

3z d
/E—Ed_rg /:rz—?»a?—élw

2
2 _ 7 _9 :/(3/5+12/5)d$
A 9 r+1 =x=-—4
:](:1?—2+E+1)dm = Dz 1)+ S infz -4 +c

=4ln|z-2|+2In|jz+1|+c
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5 1
:—§1n|:r.|+§ln|:r.—2|
+2In|z+1|+e¢

Beda Al Mutwa’a School
—x+5 3X+8
> X —-x2 -2 T x4+ 5x2 + 6
—r+5 —r+5 3r+ 8 B 3z + 8
23 —22 22 2(r-2)(z+1) " 23+ 522+ 6 z(z+2)(z+3))
_A N C _A+ B N C
r r—2 z4+1 r z+2 x+3
—r+5=A(x—-2)(x+1)+ Br(z+1) 3r +8=A(z+2)(zx+ 3) + Bz(z + 3)
+ca:(:r.—2)5 + cx(zr + 2)
1“2015:—2.4.1‘4:—5 :,3:{:]8:6‘4_4_:%
z:?ﬂ:ﬁB;B:% $=—?2=—ﬂi3=—%
r=-1:6=3C:C=2 r=-3:-1=30;C=—5
—r+5 5/2 1/2 2 3r+8 :4;'3_ I 1/3
B2 _or .z T r_3 r+1 23 + 522 + 62 r r+2 r+3
— 5
/‘ 5 g 3r+8
J ¥ — 2?2 23 + 522 4 62
= /(—5"‘{2 1/‘2 + 2 )d:c _ 4I;3 1 1a"l|13 d
. r  r—2 z+l o r z+2 z+3)"

4 1
= 5111|:c|—111|:t‘-+2|—§1n|af—|—3|+c-

_ S5x-23 8 _ 3x+5
Cex?-11x-7 5x2 —4x -1
br — 23 _ S — 23 3z + 5 3r + 5
S 62— 11l —T7 (224+1)(3z-7) 502 —4r —1  (5z+1)(z—1)
_ A 1 B A B
T2 +1  3z-—7 T rral r_1
5r — 2? = 45::;395 — ?1)_;— B(2x +1) 3x+5=A(x—1)+ B(5zx+1)
r=——:1—=—F-4A;A=3 iﬁ:_l-%:_ﬁ [
72 34- 17 2 -5. 5 5‘ T 3
r=5:——=—-BB=-2 4
-3 3 37 - :c:l:S:EiB;B:§
5r — 2 9
w23 32 3z 45 11/3  4/3
6r2 — 11— 7 21+ 1 3r— 7 v
5r2 —d4r —1 br+1 x—1
/ 5x — 23 dr 3
] e —qi 7" /‘———flffi——dr
J bx?—4r—1

B /‘ 3 2\
)\l 37

3 2
:5111|2:r+1|—§ln|3:r.—T|+c

11/3  4/3

:_/(_5:£+1+:c—1)dT

11 1
= —Eln|5:r.+1| +§1n|m— | +¢
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. x—1 10 4x-5
X3 4 4x? + 4x X3 =32
r—1 __r—1 4r —5 4r — 5
3 i 12 i a 3 3 ‘) 2 - pr—
rd + 40?4 z(x +2) 3 — 322~ 2%(x— 3)
A B C
=+ 5+ oy _ A B '
r T4+ (r+2) =7 T2 7.3

r—1=A(x+2)? +Bz(r +2)+Cx
1
=0:-1=44;A=——
‘ - 1

3
r=-2:-3=_20;C="
: 5 1
1":1:0:9A-|—33+C;B:7
r—1
v+ 42? + 4

1/4 1/4 3/2
EOE VR
r r+2 (r+2)?

/ r—1 d
-  dr
J xd+42? 4 4x

- [ (_l:cﬁ * 1!14/—42 - {ac::f—’?Z)?) da
3

1 1
=—Zln|1‘.|—|—zln|2‘-+2|—

- +c
2(x+2)

4r — 5 = Ax(xr —3) + B(z — 3) + Cx?
= (A+C)2* + (=34 + B)x + (-3B)
7

5 7
B:—.,A:—g,tﬁ-':—

3 9
dz-5 _ _7/9 5/3 1/9
r3—3x2 2  r—3

dr — 5
/ 73 — 322 dx

/ 7/
_ [(_?/’94_5%3_'_ 7/9 )d:c
) T x? r—3

7/0, 51 T _
_—F|I|—§E+§ln|:c—3|+c

x+2 1
12,
11. x3+x X+ 4x
T+2  r+42 1 _ 1
23 4r z(2241) 4+ 4  r(r?4+4)
A Br+C _A Bx+C
= r T Ea1 oz r244

r+2=A(x?+1)+ (Bzx+C)zx

= Ar*+ A+ Bx*+Cx
=(A+B)x*+Czr+ A

A=2.C=1;B=-2

r+2 2 2r+41

P rr oz 2241
T+2 - (22241
J ¥+ J \z z2+1
2 2 1
:/ —— qa + = dx
. r x*+1 x2+1

=2In|z| —In(z® +1) +tan 'z + ¢

1=A(z*+1)+ (Bzx+ O)zx
1=(A+B)2*+Cx+ A

A=1:B=-1:C=0

1 1 N —
’+4r  x x4 4
1
[ 113+42!d1

1 —r
:,/(E+m2+4>d$

1
:1n|:t|—aln{:r2+4)+c
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23 Learn differential equations of the form y'=ky and their general solution (1-8) 533
24 Solve problems involving differential equations of the form y'=ky satisfying an (28-30) (31,32) 534-535
indicated initial condition

In exercises 1-8, find the solution of the given differential equation satisfying the indicated initial condition.

1. ¥y =4y, y(0)=2

ay _

dx

d

Y = 4dx

y

In|ly| =4x+c¢
y = elx+c

y — e4x eC

2=Ae*0
2=4
y=2e*

2. y' =3y, y(0)=-2

c;_y = 3dx
Inly| =3x+¢
y = e3x+c
y = e3%* €

y=A4¢e%* (0,-2)

—2=A 33(0)
—2=A4
y=—2e3*

3. ¥y =3y, y0)=5

4. y'=-2y,y(0)=-6

dy__
ax -
d
—y=—3dx
y

Inly| = -3x+¢

y = g 3x+c¢

y = e 3% o€
y=Ae™* (0,5)
5=A4e30
5=A4

y =5e3¥

dy__
ax o Y
d
—y=—2dx
y

Inly| = —2x+¢

y = e—2x+c

y = e 2% o€
y=Ae % (0,-6)
—6=A4e2O®
—-6=A4
y=—6e%*
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5. y'=2yy1)=2

6. y'=-yy()=2

ay _ v _
E - Zy dx y
d d
_ 2dx & —dx

y
Inly]| =2x+¢ Inly|]=—x+¢
y = e2xtc y = e~ X*c
y:erec y=e*e€
y=4e* (1,2) y=Ae™ (1,2)
2=A4e*M 2= Ae-®
2e 2 =A 2e=A
y=2€_2 ez" y:2€ e X
y = 2 er—Z y = 2 el—x

7. ¥ =y-50,y(0)=70

8. y'=-0.1y- 10, y(0) = 80

Y y-s0 2= —01y=10 .o 2 = —0.1(y + 100)
dy dy
= — = -0.1d

;=50 & Y+ 100 *

Inly —50|=x+¢ In|y + 100| = —0.1x + ¢

y—50= eXtc y +100 = e~ 0-1x+c

y —50 = e¥ e y+ 100 = e 01% ¢

y—50=Ae* (0,70) y + 100 = Ae™%* (0,80)

70 =50 = Ae©® 80 + 100 = A e~ %1(®

20=A 180 = A

y —50=20e" y + 100 = 180 ¢~01%

y =20e* +50 y =180 e~*1* — 100

Modeling with Differential Equations
Growth and Decay Problems Newton's Law of Cooling Compound Murabaha Depreciation of Assets

Y6 =ky(t) Y () =kly(t) =T,) hp(”r)" v(t)=ro(t)
y(t) = Aet y(t) = AeH+ T, Where: " (L) = Ae™

Exponential Growth Law k > 0 Where y(t): is the object temperature

T, :1s the amblent temperature

Exponential Decay Law k < 0 (temperature of the surrounding)

A: The value of the investment after compounded Murabaha Where:

P: The principle = initial value of investment v(t): the value of the asset at time t

A = v(0): the initial value of asset
1: (negative) the depreciation rate at which the value of
the asset decreases

r: Murabaha rate

n: number of times per year that Murabaha is compounded
t: time in years

For continuous compounding (n = =)

The value of investment after tyearsis A = Pe"

Mr. Abdulkader Amro (0566028336)
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Exercises 29-32 involve compound morabaha.

28. If you invest AED 1000 at an annual morabaha rate of 8%, compare the value of the investment after 1 year under the
following forms of compounding: annual, monthly, daily, continuous.

Annual: A = 1000(1 4 0.08)" 2~ $1080.00
2

1
0.08 ‘
.‘\l()nthl_\': A = 1000 (1 + T) ~ 8]()8300

365
0.08
aily: A = 1000 —_— ~ $1083.2¢
Daily: A =1 (]+365) $1083.28

Continuous: A = 1000¢'"%! ~ $1083.29

29. Repeat exercise 29 for the value of the investment after 5 years.

Annual:A = 1000(1 + 0.08)° ~ $1469.33

0.08\"
Monthly:A = 1000 (l + T) ~ S1489.85

0.08
365

5365
Daily: A = 1000 (l + ) ~ $1491.76

30. Person A invests AED 10,000 in 1990 and person B invests AED 20,000 in 2000.
(a) If both receive 12% morabaha (compounded continuously), what are the values of the investmentsin 2010?
(b) Repeat for an morabaha rate of 4%.

(c) Determine the morabaha rate such that person A ends up exactly even with person B. (Hint: You want person A to
have AED 20,000 in 2000.)

(a) Person A:
A = 10,000e'%2° = $110,231.76
Person B:
B = 20,000¢e12°10 = $66,402.34

(b) At 4% interest:

Person A:
A = 10, 000e(0-04)20 ~~ §922 255.41
Person B:

A = 20, 000e(2-0D10 ~ 29 836.49

(¢) To find the rate so that A and B are even,
we solve, 10,0007 = 20, 000
Solving gives » = In2/2 =~ 6.93%
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31. One of the authors bought a set of basketball trading cards in 1985 for AED 34. In 1995, the “book price” for this set was AED 9800,
(a) Assuming a constant percentage return on this investment, find an equation"for the worth of the set  at time £ years
(where t = 0 corresponds to 1985).
(b) At this rate of return, what would the set have been worth in 2005? )
(c) The author also bought a set of baseball cards in 1985, costing AED 22. In 1995, this set was worth AED 32. At this rate of return,
what would the set have been worth in 2005?

(a) Let ¢ be the number of vears after 1985,
Then, assuming continuous compounding
at rate r,

98()() — 34(”‘.10.6“)’. =T

9800
1. /9800 3
r=—In (—) ~ 566378

10 34
Therefore,
t/10
A = et (5F) = 34 (ggﬂ)) !
34

(b) In 2005, ¢t = 20 and
)5 -
A=3 (&) = $2,824,705.88

34
(¢) The equation for the value of the cards is
y(t) = Pe™.

We take ¢ = 0 to correspond to the year
1985 which means that P = 22,

To determine k we use

32 = y(10) = 22¢107

1
Solving for r gives , r = 10 In(32/22

The value in 2005 is then given by
y(20) = 226207 x $46.55

32. Suppose that the value of a AED 40,000 asset decreases at a constant percentage rate of 10%. Find its worth after
(a) 10 years and (b) 20 years.
Compare these values to a AED 40,000 asset that is depreciated to no value in 20 years using linear depreciation.

With a constant depreciation rate of 10%, the
alue of the $40, 000 item after ten vears would

be,

40,000(e~""V1%) = 40,000e 7" = $14,715.18
and after twenty years

40,000(e~(0-120) — 40,0006 2 =~ $5,413.41

By the straight line method, assuming a value
of zero after 20 years, the value would be
$20,000 after ten years.
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25 Find the general solution of separable differential equations of first order (5-16)

544

In exercises 5-16, the differential equation is separable. Find the general solution, in an explicit form if possible.

5. ¥ =@ +1)y

6. y'=2(y-1)

1 2 1
—y =z +1 ——y =2z
y—1
/ dy—f(.;: +1 yfdy=/2id_t
111|y—1|=21:2—|—c

In|y| = —+.L+c y—1=e+e
y= o ,"3+x+c _ A6x3/3+w y=1+Ae”
7. y' =27 8. v =20/ +1
| 1 r
= Y =

1
/jlj—z-dy=/2d:2d1? / 2+1dy=]2d.;r.
_E_E+C arctany = 2x + ¢

y 31 y = tan(2z +¢)
y——_2-.£3/3+c

I)f’ 6x” i 3x

. W =
‘ (1+x%) T
2
: 6x (y + l)y = 3z
3
IERT: /(y +1)dy = | 3zdx
dy =
‘/yy /A+L Ei+y:§ﬁ+c
2 2

5 2=2In|1+ 2% +¢

y=++v4ln|l + 23| +¢
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11. y' = —e¥™
Yy
2T 2r €Y
y/ s O .r, yl s T, P
Y y e
y'ye Y = 2re™"

y'ye Vdr = /21fe_xd1'

/ye_y(y'd.c) = /2176“‘””(117
r /ye_ydyz /QJTG_I(IJ.'

ye Ydy=—ye ¥V —e Y +c

—xe "T—e "+ec

and /176‘_1(1;[7 =

—ye ¥ —e Y =2(—ze
Y eV =256 -2 +¢.

T —e ) +c

xlnx

Yy’ 1

1 — y?2 rlnzx

| =7

arcsiny = In(lnz) + ¢
y = sin[In(In z) + ¢|

12. y' =

dy = / i
rlnz

dx

cosx
sin y
, CosT

13. y' =

~ siny
(siny)y’ = cosx

] (siny) y'(z)dr = f (cos z)dx

r /(siny)dy= /(cos;r)d;z

14. y' =xcos’y

sec?yy = x

f5002 ydy = /-.er:l:

2
tany = ?-i—c

=2
.
Y= tan ! (T +c)

cosy = —sinr + c.

/ Y ' 2
15. y' = T2 16. y :xu+y
i 2
et vy 1
y 1+1.2

Yy ] :
T
/;d!]:/l_i-lzd.l

1
Iny| = SIn|1 + 2| +c

y_e.l,ln|l+:c l+e — k4 /1 4+ 72

%—91H|.L+].|+C

Mr. Abdulkader Amro (0566028336)




